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Abstract 

In the recent paper [LoDl], we classified closed geodesies on Finsler manifolds into rational 
and irrational two families, and gave a complete understanding on the index growth properties 
of iterates of rational closed geodesies. This study yields that a rational closed geodesic can not 
he the only closed geodesic on every irreversible or reversible (including Riemannian) Finsler 
sphere, and that there exist at least two distinct closed geodesies on every compact simply con- 
nected irreversible or reversible (including Riemannian) Finsler S- dimensional manifold. In this 
paper, we .study the index growth properties of irrational closed geodesies on Finsler manifolds. 
This study allows us to extend results in [LoDl] on rational and in [DuLl], [Rad4] and [RadS] 
on completely non-degenerate closed geodesies on spheres and CP^ to every compact simply 
connected Finsler manifold. Then we prove the existence of at least two distinct closed geodesies 
on every compact simply connected irreversible or reversible (including Riemannian) Finsler 
4,- dimensional manifold. 
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1 Introduction and main results 

It has been a long-standing problem in dynamical systems and differential geometry whether every 
compact Riemannian manifold has infinitely many distinct closed geodesies. D. Gromoll and W. 
Meyer [GrMl] in 1969 proved the following result: 
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Theorem A. (cf. [GrMl]) On a compact Riemannian manifold there exist infinitely many 
closed geodesies, if the free loop space of this manifold has an unbounded sequence of Betti numbers. 

Stimulated by this result, M. Vigue-Poirrier and D. Sullivan [ViSl] in 1976 established following 
result: 

Theorem B. (cf. [ViSl]) The free loop space of a compact simply connected Riemannian 
manifold M has no unbounded sequence of Betti numbers if and only if the rational cohomology 
algebra of M possess only one generator. 

Both of the two theorems were generalized to corresponding Finslcr manifolds by H. Matthias 
in 1980 (cf. [Matl]). Therefore based on these two theorems, the most interesting manifolds in this 
multiplicity problem are those compact simply connected manifolds satisfying 

H*iM; Q) - Ta,h+i{x) = QN/(x^+i = 0) (1.1) 

with a generator x of degree d>2 and hight ^ + 1 > 2. The main examples are the compact rank 
one symmetric spaces, i.e., spheres 5'^ of dimension d with h = 1, complex projective spaces CP^ 
of dimension 2h with d = 2, quaternionic projective spaces HP^ of dimension 4h with d = 4, and 
the Cayley plane CaP^ of dimension 16 with d = 8 and h = 2. 

The studies of closed geodesies on such manifolds can be chased back to J. Jacobi, J. Hadamard, 
H. Poincarc, G. D. Birkhoff, M. Morse, L. Lyustcrnik and Schnirelmann and others. Specially G. 
D. Birkhoff established the existence of at least one closed geodesic on every Riemannian sphere 
S'^ with d > 2 (cf. [Birl]). Later L. Lyusternik and A. Fet proved the existence of at least one 
closed geodesic on every compact Riemannian manifold (cf. [LyFl]). An important breakthrough 
on this problem is due to V. Bangcrt [Ban2] and J. Franks [Fral] around 1990, who proved that 
there exist always infinitely many closed geodesies on every Riemannian 2-sphere (cf. also [Hinl] 
and [Hin2]). But when the dimension of a compact simply connected manifold is greater than 2, we 
are not aware of any multiplicity results on the existence of at least two closed geodesies without 
pinching or bumpy conditions even on spheres (cf. [Anol], [Banl], [Klil], [BTZl], [BTZ2] and 
[DuLl], [Rad4], [Rad5]), except the Theorem C below proved recently in [LoDl]. 

When one considers irreversible Finslcr metrics, the problem of counting closed geodesies be- 
comes more delicate because of A. Katok's famous example of 1973 which shows that there exist 
some irreversible Finsler metrics on S"^ with only finitely many closed geodesies (cf. [Katl] and 
[Zil2]). In [HWZl] of 2003, H. Hofer, K. Wysocki and E. Zehnder proved that there exist either two 
or infinitely many distinct prime closed geodesies on a Finsler (S^ , F) provided that all the iterates 
of all closed geodesies arc non-degenerate and the stable and unstable manifolds of all hyperbolic 
closed geodesies intersect transversally. In [BaLl] of 2005, V. Bangert and Y. Long proved that on 
every irreversible Finsler 5^ there always exist at least two distinct prime closed geodesies. 

Note that in the recent [LoDl], we have proved the following 
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Theorem C. There exist always at least two distinct prime (geometrically distinct) closed 
geodesies for every irreversible (or reversible, specially Riemannian) Finsler metric on any 3- 
dimensional compact simply connected manifold, where the typical case is 

To further our study on the multiphcity of closed geodesies, we note that in the famous book 
[Mori] of 1934, M. Morse studied closed geodesies on ellipsoids. Specially he proved that for any 
given integer N > 0, every closed geodesic c of a d-dimcnsional ellipsoid E'^ in R*^"*"^ which is not 
an iterate of some main ellipse must have Morse index i{c) > N, provided all the semi-axes of E'^ 
are less than 1 and sufficiently closed to 1. Consequently the Betti numbers at dimensions less than 
N of the free loop space of such an E"^ can be generated by iterates of the d + 1 main ellipses on 
E'^ only. His this result suggests that it is necessary to study asymptotic and growth properties 
of Morse indices of iterates of prime closed geodesies on the manifold in order to get multiplicity 
results. 

In the recent paper [LoDl], we classified prime closed geodesies on any compact Finsler manifold 
M into two families: rational and irrational. Here a prime closed geodesic is rational, if its basic 

normal form decomposition (cf. Section 3 below) introduced by Y. Long in [Lonl] and [Lon2] 

(cos 9 — sin ^ \ 
with 6/ IT G R \ Q, and irrational 
sin 6 cos J 

otherwise. A prime closed geodesic is completely non-degenerate, if all of its iterates c^ are 
non-degenerate. 

Recall that on a compact Finsler manifold (M,F), a closed geodesic c : = R/Z — t- M is 
prime, if it is not a multiple covering (i.e., iteration) of any other closed geodesies. Here the m-th 
iteration of c is defined by c™'(t) = c{mt) for m G N. The inverse curve of c is defined by 
c~^(t) = c(l — t) for t £ S^. Two prime closed geodesies ci and C2 on a Finsler manifold {M,F) 
(or Riemannian manifold {M,g)) are distinct (or geometrically distinct), if they do not differ 
by an 5^-action (or 0(2)-action). 

In [LoDl], the index growth properties of rational closed geodesies are completely understood. 
This result is used to prove that on every (irreversible or reversible) Finsler sphere S*^, it is impos- 
sible that there exists only one prime closed geodesic which is rational. 

In the Section 3 of this paper, we study first the growth properties of indices of iterates of 
irrational closed geodesies. We show that if the initial index of a prime closed geodesic is not too 
small, then the Morse indices i(c™) is monotone in m > 1. When this index monotonicity does not 
hold, we prove that for a closed geodesic c, there exist infinitely many positive integers T such that 
the indices {i{c"^)}m>T and the indices {i(c™')}m<T are suitably separated by the sum of i{c^) and 
some constant (see Theorem 3.21 below). We call this property the quasi- monotonicity. 

As applications of these studies, in Section 4 we then generalize the result in [LoDl] on rational 
closed geodesies on spheres, and the results in [DuLl], [Rad4], and [Rad5] on completely non- 
degenerate closed geodesies on spheres and CP^ to all compact simply connected manifolds. That 
is: 
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Theorem 1.1. For every irreversible (or reversible, specially Riemannian) Finsler metric F 
on any compact simply connected manifold, if there exists only one prime (geometrically distinct) 
closed geodesic, it can be neither rational nor completely non-degenerate. 

Then using above results we study the 4-dimensional case in the Sections 5 and 6 respectively, 
and prove the following theorems. 

Theorem 1.2. For every irreversible Finsler metric F on any compact simply connected 4- 
dimensional manifold, there always exist at least two distinct prime closed geodesies. 

Theorem 1.3. For every reversible Finsler metric F on any compact simply connected 4- 
dimensional manifold, there always exist at least two geometrically distinct closed geodesies. In 
particular, it holds for every such Riemannian manifold. 

For reader's conveniences, in Section 2 we briefly review some known results on closed geodesies, 
and compute the precise sums of Betti numbers of the S'^-invariant free loop space of compact simply 
connected manifolds satisfying the condition (1.1). 

In this paper, we denote by N, Nq, Z, Q, R, and C the sets of positive integers, non-negative 
integers, integers, rational numbers, real numbers, and complex numbers respectively. We define the 
functions [a] = max{A; G Z | A; < a}, {a} = a—[a], E{a) = min{A; e Z\k > a} and ip{a) = E{a) — [a]. 
Denote by *A the number of elements in a finite set A. In this paper, we use only singular homology 
modules with Q-coefHcients. 

2 Critical point theory of closed geodesies 
2.1 Critical modules for closed geodesies 

Let M be a compact and simply connected manifold with a Finsler metric F. Closed geodesies are 
critical points of the energy functional E{'j) = ^ Jgi F{'y(t),'y(t))^dt on the Hilbert manifold AM of 
iJ^-maps from to M. An S^-action is defined by {s-j){t) = j{t+s) for aU 7 G AM and s,t e S^. 
The index form of the functional E is well defined along any closed geodesic c on M, which we 
denote by E"{c). As usual, denote by i{c) and u{c) the Morse index and nullity of E at c. For a 
closed geodesic c, denote by c"* the m-fold iteration of c and A(c"^) = {7 G AM | -£(7) < E{c^)}. 
Recall that respectively the mean index i{c) and the S^- critical modules of c"* are defined by 

i(c)=nm^^, C,(£;,c™) = i/, f(A(c™)U 5^-0/51, A(0/5M. (2.1) 

If c has multiplicity m, then the subgroup Z^ = : < n < m} of acts on Ck{E,c). As 
on p.59 of [Rad2], for m > 1, let H^{X,A)'^^"^ = {[^] G H^{X,A) : T^^] = where T is a 

generator of the Z^n action. On S^-critical modules of c^, the following lemma holds: 

Lemma 2.1. (cf. Satz 6.11 of [Rad2]) Suppose c is a prime closed geodesic on a compact 
Finsler manifold M. Then there exist two sets U~m and Ncm, the so-called local negative disk and 
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the local characteristic manifold at c^ respectively, such that v(d^) = dimNcm and 
Cq{E,c"') = Hq(^{A{c^)uS^ ■c"')/S\A{c'^)/S^) 

(\ H-Zm, 
Hi^cr-){U-m U {C"^}, U-m) Hg_i^^m){N-;n U {c'^},N-m)) 

(i) When = 0, there holds 

,^ f Q> ^(c'") = ^(c) (mod2) and q = iic"'), 

Cg{h,c ) = < . 

U, otherwise, 

(ii) When z/(c"*) > 0, let e(c"^) = then there holds 
Let 

kjic"") = dim HjiN'm u {c"^}, iv,-;;,), kf\c^) = dim i?j(Ar^-;n u {c"^}, Ar^-;„)±^-. (2.2) 

Then we have 

Lemma 2.2. (cf. [Rad2], [BaLl], [DuLl]) Let c be a closed geodesic on a Finsler manifold M . 

(i) There hold < fc=^^(c™) < kj{c"') for m > 1 and j e Z, tj{c"'') = whenever j [0,zy(c™)] 
and /co(c™) + /c^(cm)(c™) < 1. If ko{cI'') + /c^(cm)(c™) = 1, i/ien A;j(c™) = when j € (0, zy(c")). 

(^iij For any m G N, there hold /C(j'^(c'") = A;o(c™) and A;q"^(c"') = 0. /n particular, if c™" is 
non- degenerate, there hold A;q"^(c™) = A;o(c'") = 1, and /co""'^(c™) = A:j^"'^(c™) = for all j / 0. 

(Hi) Suppose for some integer m = np >2 with n andp G N the nullities satisfy ^{d^) = z/(c"'). 
Then there hold kj{c™-) = kj{c"') and k^^{c'^) = A:^^(c") for any integer j. 

2.2 Rademacher-type mean index identity for closed geodesies 

Let (M, F) be a compact and simply connected Finsler manifold with finitely many prime closed 
geodesies. It is well known that for every prime closed geodesic c on {M,F), there holds either 
i{c) > and then i(c'") +oo as m ^ +oo, or i{c) = and then i(c™) = for all m € N. 
Denote those prime closed geodesies on (M, F) with positive mean indices by {cj}i<j<fc. In [Radl] 
and [Rad2], Rademachcr established a celebrated mean index identity relating all the CjS with the 
global homology of M (cf. Section 7, specially Satz 7.9 of [Rad2]) for compact simply connected 
Finsler manifolds. 

For each m G N, let e = e(c™) = (-l)^(c'")-^(c) and 

= {kt^\c^), fe?^'"^(c-), . . . , fc:P)(c"^), 0, . . . , 0). (2.3) 
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Lemma 2.3. (cf. Lemmas 7.1 and 7.2 of [Rad2], cf. also [LoDl]) Let c be a prime orientable 
closed geodesic on a compact Finsler manifold {M,F). Then there exist a minimal integer N = 
N{c) G N such that i/(c"^+^) = z/(c"^), i(c'"+^) - z(c"*) G 2Z, and K{c"'+^) = K{d^), Vm G N. 

Lemma 2.4. (Satz 7.9 of [Rad2], cf. also [LoDl]) Let {M,F) be a compact simply connected 
Finsler manifold with H*{M,Q) = Td^h+iix)- Denote prime closed geodesies on {M,F) with 
positive mean indices by {cj}i<j<k for some A; G N. Then the following identity holds 

where dim M = hd, h = 1 when M is a sphere S"^ of dimension d and 



X(c) = ^ E i-lf'^-'^^'-ktPicn G Q. (2.5) 

0<U<''(c'") 
l<m.<N(c) 



2.3 The structure of H^(AM/S\ A^M/S^; Q) 

Set A° = A°M = {constant point curves in M} = M. Let {X, Y) be a space pair such that the 
Betti numbers bi = bi{X,Y) = dimHi{X,Y;Q) are finite for all i G Z. As usual the Poincare 
series of {X,Y) is defined by the formal power series P{X,Y) = Yn^obit^- We need the following 
well known version of results on Betti numbers. 

Lemma 2.5. (cf. Theorem 2.4 and Remark 2.5 of [Radl], cf. also Proposition 2.4 of [LoDl]) 
Let {S'^,F) be a d-dimensional Finsler sphere. 

(i) When d is odd, the Betti numbers are given by 

bj = rankHj{AS'^/S\A°S'^/S^;Q) 

2, if i G /C = {k{d - 1) I 2 < A; G N}, 

1, if j € {d-l + 2k\k gNo}\ /C, (2.6) 
otherwise . 

For any A; G N and k > d — 1, there holds 

k 

j=0 0<2j<k 

, k , ,k, d — 1 
+ d 



'd-V 2 
k(d^\) d-l 



2{d-l) 2 



- ed,iik) 



where ed,i{k) = {^} + H} & [0, 



k{d+l) d-l 
- 2id-l) 2 ■ ^^-^^ 



2{d-l)' 
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(ii) When d is even, the Betti numbers are given by 

bj = TankHj{AS'^/S\A^S'^/S^;Q) 

f2, if j elC = {k{d-l)\3<ke{2N + l)}, 

= < 1, if j e {d-l + 2k\k eNo}\K:, 

, otherwise. 
For any A; G N and k > d — 1, there holds 

k 



j=0 



0<2j-l<k 



+ [ 



d 
2 



kd 



< 



2{d-l) 2 

kd d-2 
2{d-l) 2~ 



-{ 



}-{^}--{- 
^ ^ 2 ^ 2^d 



Proof. It suffices to prove (2.7) and (2.9). 

Wlien d is odd, for any G N and m € [0, d — 1), we liave 

0<j<k{d-l)+m 0<2j<k{d-l)+m 

= 2«.-l)+ ''<''-";'''-^' -(t-l) + [|] 

Tlius for any integer k > d — 1, because d is odd, we obtain 

r k ^ ,k^ d — 1 
+ b 



< 



'd-V '2' 2 
k{d+l) d-1 r k k 
2{d-l) 2 ^d-r ~ ^2^ 
k{d + l) d-1 



2{d-l) 2 
Tliis proves (2.7). 

Wlien d is even, for any odd /c € N and m € [0, 2{d — 1)), we have 

12 bj = E b2j-i 

0<j<k{d-l)+m 0<2j-l<k{d-l)+m 

fe- 1 fc(d-l)-(d-3) m 
2 ^ 2 2~ ^ ^2"^ 

A; + l (A;-l)(d-l) m 
2 ^ 2 ^^2"^' 



Note that for an integer I > there holds 



p + 




2 





I, for Z G 2N - 1, 

l-l, for Z G 2N. 



Thus for any integer A; > c? — 1, because d is even, we obtain 



0<j<k 



0<2j-l<fc 



1) + 1 +^ (2 



1)-1 



+ 









2 



^[^1+1 



2 
+ 



+ 







[[A] + 11 


2 




2 



(^-1) 



+ 



/c + 1 



d 
2 



2(d-l) 2 2 ^ ^ 2 ^ 2*^^-1^ 



< 



kd 



d-2 



2(d- 1) 



This proves (2.9). | 

For a compact and simply connected Finsler manifold M with H*{M; Q) = Td,^+i(x), when d 
is odd, then = and Zi = 1 in r^^/i+i (a;) . Thus M is rationally homotopy equivalent to S"^ (cf. 
Remark 2.5 of [Radl] and [Hinl]). Therefore, next we only consider the case when d is even. 

Then we have the following result. 

Lemma 2.6. (cf. Theorem 2.4 of [Radl]) Let M be a compact simply connected manifold with 
H*{M; Q) = Td^h_^_i{x) for some integer h>2 and even integer d>2. Let D = d{h + 1) — 2 and 

n{d,h) = {k -1 I iD<k-{d-l)=iD+jd<iD + {h-l)d 

for some i and j e [l,h - 1]}. (2-10) 

Then the Betti numbers of the free loop space of M defined by bq = ranking ( AM/S^, A^M/^^; Q) 
for q E Zi are given by 

0, if q is even or q < d — 2, 



f^^^^i + 1, ifqe2N-landd-l<q<d-l + {h- l)d, 



d 

h + 1, 
h, 



if q £ ^l{d, h), 
otherwise. 



(2.11) 
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For every integer k>d—l + {h — \)d = hd — 1, we have 

9=0 

<r , ,, k-{d-l) h{h-l)d , ^ , ^ k-{d-l) ^^ 

^ ^^2^ ' D 4 ^^^hd^ D 

, ,D ^^k-id-l) h(h-l)d „ 

where 

.D^k-{d-l)^^ ,2 d-2, ,/c- (d- 1)^ 

(2.13) 

and there hold ed,h{k) € (— (/i + 2), 1) and ed,i(A:) € (—2, 0] /or a// integer k > d — 1. 

Proof. For a compact and simply connected Finsler manifold M with iJ*(M;Q) = Td^h+i{x) 
and some even integer d, the following Poincare series was computed out by Theorem 2.4 of [Radl] 

+00 / 1 4.d{h+l)-2 \ -I _fdh 

Thus we get 

+00 /+00 +00 \ h—1 

g=0 \i=0 i=l / j=0 

(/l— l+OO /l— 1 +00 \ 

^ ^ 12^+0d + ^ ^ i^^+J'i . (2.15) 
3=0 i=0 j=0 i=l / 

For the first sum in (2.15), we have 

h—\ +0O 

keZ j=0 i=0 

h-2 (,? + l)d-2 +00 

j=0 2i=jd 1=0 

where (2.16) is obtained by listing all items t^t+jrf jj^^^ strip with j running from to /i — 1 
downwards and i running from to +oo rightwards, and then summing up all terms with the 
exponents 0, 2, . . ., d — 2, d, . . ., {h — l)d — 2, {h — l)d, . . ., respectively. Therefore we obtain 



0, if A; G 2Z - 1 or A: < 0, 



^] + 1, if /c € 2No and < A: < (/i - l)d, (2.17) 
h, if A; G 2No and {h - l)d < k. 
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For the second sum in (2.15), because d > 1, we have D = d{h + 1) — 2 > {h — l)d. Thus we 
have 

iD > {i - 1)D + {h - l)d, V?gN. (2.18) 
Therefore every integer in J7(d, h) is covered precisely once by elements in U{d, h). Then let 

h— l+oo +ooh—\ 

Y: vkt' = E E t'""^'" = E E i'""^'' (2-19) 

feez j=o i=i 1=1 j=o 

Here no any two terms in (2.19) with different indices have the same exponent. Thus we 

obtain 

f 1, iik eiD + dN and iD <k<iD + {h- l)d for some i G N, 
^ \ 0, otherwise. 

Then from (2.15), (2.16) and (2.19) we obtain 

hq = Ug_^d-i) + Vg-(d-i), V g G Z. (2.21) 

together with (2.17) and (2.20), it yields (2.11). 

Because D = d{h + 1) — 2 > {h — l)d, to get the sum (2.12), by (2.21) for any integers p > I 
and 0<m<D — Iwe compute 

pD+m h-2 {j+l)d-2 / 

E (%+^.) = EO' + i) E i+ U E 1 

j=0 j=0 2i=jd \ {h-l)d<2i<pD+m 

1=1 j=0 

_ h{h-l) d pD -{h-\)d + 2 m 
- 2 2+^^ 2 

+(.-l)/. + l + [5-© 
^ Mf + (2.22) 

where on the right hand side of the first equality the first two sums come from UjS, and the third 
sum and the last three terms come from VjS. The number 1 there corresponds to the term . 
Note that by the fact < m < -D — 1, we have m < {h — l)d + 2d = {h + l)d. But we may have 
m > hd. If this happens, the term [m/d\ in the right hand side of the first equality will be precisely 
one greater than it should be in (2.19). Thus the term — [m/(M)] is added to cancel this possible 
surplus 1. Then 1 + [^] — [^] gives the total contribution of VjS after the power 
Therefore for every integer k > hd — 1, letting 

p = [- — ^ — ^] and m = k — {d — 1) — pD, 
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we obtain 



m = k-{d-l)- [^^^]D = {^^^}D < D. (2.23) 



Then by (2.21) we obtain 

k k k-{d-i) fe-(d-i) 

where (2.17), (2.20) and the fact d>2 are used. 

Thus replacing k — {d — 1) = pD + m with the above p and m into (2.22) and replacing [a] by 
a — {a} for a G R below, we obtain 

k pD+m 
9=0 j=0 

fc-(d-i)-[^^p _ fc-(d-i)-[^^p 
^ d ^ ^ hd ^ 

D ^. k-{d-l) h{h-l)d k-{d-l)-[^^]D 

~ '^^2^ > D 4 2 

A; - (d - 1) - _k-{d-l)- [^^^^]r> 

d /id 

k-{d-l)-[^^]D fc-(d-l)-[^^P 

d ^ M ^ 

,,L> ,A;-(d-l) h(h-l)d hD^k-id-l)^ 

= /i( — hi) — — — + 1 — ^1 

^2^ D 4 2^ D ' 



k- 


(d- 


1) 




D 




k- 


(d- 


1) 




D 




k- 


(d- 


1) 








k - 


(d- 


1) 



Then from 



£1 ^ L>_^ 2 D_ 2 d-2 
d ^d d hd d hd ^ 

we obtain (2.12). | 

Remark 2.7. When d is even and h = 1, the first equality of (2.12) is exactly the third equality 

of (2.9). In fact, in this case, there holds h = 1 and D = 2{d - 1). So by (2.12)-(2.13) we have 
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2{d-l) 2 V 2{d-l) 
On the other hand, by (2.9) and noting that d is even, we have 

^ 2 2 ' 2^d-l^ 



M d-2 f{^_^^y^{^_^4zllyy (2.26) 



"^^ 2(d-l) ^ 2^d-V^^ 2^d-l^^^ 2 ^^-^^^ 



Note that no matter the integer is odd or even, we have always 



,k+(d-l), A,, k , , 1, /c \^ k , 



Thus (2.27) yields 



Then (2.26) and (2.28) complete the proof of the above claim. 

3 Morse indices of closed geodesies 

3.1 Basic normal form decompositions of symplectic matrices and precise index 
iteration formulae 

In [Lonl] of 1999, Y. Long established the basic normal form decomposition of symplectic matrices. 
Based on this result he further established the precise iteration formulae of indices of symplectic 
paths in [Lon2] of 2000. These results form the basis of our study on the Morse indices and 
homological properties of closed geodesies. Here we briefly review these results: 
As in [Lon3], denote by 

Ni{X,a) = ( ^j, forA = ±l, aGR, (3.1) 

m = [I for6GR\{0,±l}, (3.2) 

(cos 9 — sin ^ \ 
foreG(0,7r)U(7r,27r), (3.3) 
sin 9 cos 9 ) 

( R{9) B \ 

iV2(e^^,S) = ( Q ^(^J' for^G (0,7r)U(7r,27r) and 

(bi 62 \ 

B=\ with hj G R, and 62 7^ ^3- (3.4) 

V ^3 bi) 

Here N2{e^''^, B) is non-trivial if (62 — ^3) sin < 0, and trivial if (62 — ^3) sin0 > as defined in 
[Lon2] and Definition 1.8.11 of [Lon3]. Note that symplectic paths with end matrices in these two 
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cases have rather different index iteration properties as proved in [Lon2] (cf. Theorems 8.2.3 and 
8.2.4 of [Lon3]). In [Lonl]-[Lon3], all the matrices listed in (3.1)-(3.4) are called basic normal 
forms of symplectic matrices. 

As in [Lon3], given any two real matrices of the square block form 

^' = [r d) ' ^'^[r d) ' 

the o-sum (direct sum) of Mi and M2 is defined by the 2{i + j) x 2(z + j) matrix 

fAi Bi \ 
A2 B2 
Ci Di 

V C2 D2J 



Ml 0M2 



Definition 3.1. (cf. [Lon2] and [Lon3]) For every P G Sp(2d), the homotopy set ^{P) of P in 
Sp{2d) is defined by 

n{P) = {iV G Sp(2d) I a{N) n U = a{P) n\J = r and v^{N) = v^{P) Vcj € T}, 

where (t{P) denotes the spectrum of P, Vu{P) = dime kerc(-P — ojI) for all a; G U. The homotopy 
component J1°(P) of P in Sp(2d) is defined by the path connected component of Cl{P) containing 
P (cf p. 38 of [LonS]). 

Note that Q,^{P) defines an equivalent relation among symplectic matrices. Specially two ma- 
trices N and P G Sp(2d) are homotopic if N E QP{P), and in this case we write AT !=s P. 
Then the following decomposition theorem is proved in [Lonl] and [Lon2] 

Theorem 3.2. (cf. Theorem 7.8 of [Lonl], Lemma 2.3.5 and Theorem 1.8.10 of [Lon3]) For 
every P G Sp(2d), there exists a continuous path f G ^1^{P) such that /(O) = P and 

/(I) = N,{i,irp-oi2p,oNi{i,-ir+ 

oR{ei)o ■■■ oR{ek)oR{0k+i)o ■■■ oR{er) 

oAr2(e"i^,^i)o ••• oAr2(e"'=*^,^fcJ 

oAr2(e«'=*+i^, A,,,+i) o ... 0^2(6"- v^, 

0^2(6/^1^, Bi) o ... oiV2(e'^'=ov^, 

oN2{e^'=o+^^,Bk,+i)o ■■■ oN2{e('^o^,Br,) 

oH{2y^+oH{-2y^-, (3.5) 

where 5^ Q for 1 < j < k and 2^ G Q for k + 1 < j < r; N2{e°'^^^ , Aj) 's are nontrivial basic 
normal forms with ^ ^ Q for I < j < k* and ^ G Q for A;* + 1 < j < r*; N2{e^^^^^ , Bj) 's are 
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trivial basic normal forms with ^ ^ Q for 1 < j < ko and ^ ^ Q for A;o + l < j < ro; p- = p^{P), 
Po = Po{P), P+ = P+{P), q- = q-{P), qo = qoiP), q+ = q+{P), r = r{P), k = k{P), rj = r,(P), 
kj = kj{P) with J = *, and h+ = h+{P) are nonnegative integers, and h- = h-{P) G {0, 1}; Oj, 
aj, /3j G (0,7r) U (tt, 27r); these integers and real numbers are uniquely determined by P and satisfy 

p- + Po + pj^ + q- + qo + qj^ + r + 2r^ + 2ro + h- + h+ = d. (3.6) 
For T > and cZ G N let 

Vr{2d) = {7 G C([0,r],Sp(2d) |7(0) = I}. 

Based on Theorem 3.2, the homotopy invariance and symplectic additivity of the indices, the 
following precise iteration formula was proved in [Lon2] : 

Theorem 3.3. (cf. [Lon2], Theorem 8.3.1 and Corollary 8.3.2 of [Lon3]) Let 7 G Vri^d). 
Denote the basic normal form decomposition of P = 7(r) by (3.5). Then we have 



i{'y^) = rn{i{^) + p- + Po - r) + 2^ E 

i+(-ir , ^ ^ 

-p- -po ^ [qo + q+) 



V 27r 



— r 



+2 E ^ ^ -2(r.-fe.), (3.7) 
Kt'") = K7) + ^^^^(g-+2go + g+) + 2?(m,7(r)), (3.8) 



i(7) = i{j)+p_+pf^-r + Y,^, (3.9) 

where we denote by 



■ 1 



r 



?(m,7(r)) = (r-k)- 

j=k+l 



27r 



+ir.-h)- E ^ (^) + (ro - fco) - E ^(^)- (3.10) 

j=k.+l ^ ^ j=ko+l ^ ^ 

By Theorems 8.1.4-8.1.7 and 8.2.1-8.2.4 on ppl79-187 of [Lon3], we have specially 

Proposition 3.4. Every path 7 G 'Pt(2) with end matrix being homotopic to one of the following 
matrices must have odd index 

Ni{l,bi), Ni{-l,b2), R{9), or H{-2), (3.11) 

where 61 = or 1, 62 = or ±1, and 9 G (0,7r) U (vr, 27r). Paths ^ G Vr{2) with end matrix being 
homotopic to A^i(l, —1) or H{2), and rj G 'Pt(4) with end matrix being homotopic to N2{uj, B) must 
have even indices i(^) and i{rj). 
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Remark 3.5. Note that all closed geodesies on a simply connected manifold M are orientable. 
Therefore, the Morse index of a closed geodesic on M equals the above Maslov-type index of a 
symplectic path starting from identity / and ending at Pc G Sp(2(dimM— 1)) (cf. Theorem 1.1 of 
[Liul] and Theorem 3 of [Will]). Next we will apply the precise iteration indices to study properties 
of Morse indices of closed geodesies. 

3.2 The monotonicity of index growth 

In [LoDl], closed geodesies on Finsler manifold are classified into two families, rational and irrational 
ones, as follows. 

Definition 3.6. (cf. Definitions 3.4 and 3.6 of [LoDl]) A matrix P G Sp(2d) is rational, if no 
basic normal form in (3.5) of P is of the form R{0) with ^/tt G R-\Q, and is irrational, otherwise. 
Let iy{P) = dimR,kerR(P — I). P is equally degenerate, if v{P^) = ^{P) for all m E N. P 
completely non-degenerate, ifu{P'^) = for all m>\. 

Let (M, F) he a d- dimensional Finsler manifold. Let c be an orientable closed geodesic on 
{M,F) whose linearized Poincare map is denoted by Pc and then Pc G Sp(2(i — 2). The closed 
geodesic c is rational, irrational, equally degenerate, or completely non-degenerate, if so 
is Pc. The analytical period n{c) of c is defined by 

n{c) = mm{k € N | iy{c'') = max 1/(0") and i{c"'+^) - i(c™) G 2Z, Vm G N}. (3.12) 

m>l 

The following is also defined in [LoDl] for any closed geodesic c on {M,F), let 

no(c) = mm{k G N | i^ic'') = maxz/(c"')}. (3.13) 

m>l 

We have the following result. 

Lemma 3.7. (cf. Lemma 3.5 of [LoDl]) Let (M, F) be a d-dimensional Finsler manifold. Let c 
be an orientable closed geodesic on M whose linearized Poincare map is denoted by Pc. There hold 

n(c) = no(c) or 2no(c), (3-14) 
n(c) = 2no(c) if and only if g_ = 0, h- = 1 and no(c) is odd, (3.15) 

where g_ = (7-(-Pc) o,nd h- = h-{Pc) with Pc defined in (3.5). 
We need 

Lemma 3.8. Let (M, F) be a Finsler manifold and c be a prime orientable closed geodesic on 
M. Let n = n(c) be the analytical period of c. Suppose m G [l,n — 1] satisfies 

(i) z/(c) < z^(c™) < z^(c"), and 

(ii) there exists no k e [l,m — 1] satisfying k\m, k\n and v{c^) = z/(c™). 
Then m\n must hold. 
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Remark 3.9. Lemma 3.8 is precisely Proposition 3.12 of [LoDl] when c is rational and its 
orbit is isolated in closed geodesic orbits in AM in addition. By carefully checking the proof of 
this Proposition 3.12, one can find that it works also for irrational prime closed geodesies, and the 
condition on isolatedness in closed geodesic orbits in AM is not necessary. Therefore we omit the 
details of this proof here. 

Lemma 3.10. Let (M, F) be a compact Finsler manifold. Let c he an orientable closed geodesic 
on M with analytical period n = n(c). Then n = n{c) is precisely the integer N in Lemma 2.3, i.e., 
there holds also 

^(^n+m-) ^ Kic""), Vm > 1, (3.16) 

Proof. In fact, by the definition (2.3) of K{d^), it suffices to prove 

^6(c"'+-)^^n;+m) ^ kf^\c^)^ V j e Z, I G No, 1 < m < n. (3.17) 

Note firstly that by the definition of n = n(c), for all I G Nq and 1 < m < n, we have 
z(c"'+"^) - i(c"^) G 2Z. It then yields 

By the definition of n = n(c), for these integers I and m we have also 

zy(c"'+™) = zy(c™). (3.19) 

Therefore we need only to prove (3.17) for < j < z/(c"^). 

By Lemma 3.8 we obtain some integer p G [1, m] such that both p\m, p\n, and u{cP) = u{c^) = 
z/(c"'+"') hold. Then p\{nl + m) holds and by (iii) of lemma 2.2, we obtain 



kf'^'^^\c''^^'^) = kf''''\d') = kf^\c'^), VjGZ. (3.20) 



The proof is complete. I 
Definition 3.11. For every matrix P G Sp(2d), using its basic normal form decomposition 
(3.5) we define 

1 a{P)=r+p++pQ + q^+qo, ^^^^^ 

\ s{P) = r + p- + po + q+ + qo + 2(r* - h). 
Recall that we have defined in [LoDl]: 

p{P)=Po{P) +p^{P)+qo{P)+q+{P)+r{P)+2r,{P). (3.22) 



Lemma 3.12. Let c be a closed geodesic with mean index i{c) > on a compact simply 
connected Finsler manifold (M, F) of dimension d>2. Denote the basic normal form decomposition 
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of the linearized Poincare map Pc of c by (3.5). Denote by n = n(c) the analytical period of c. Let 
a{c) = o"(Pc) given by Definition 3.11. Then for any even integer multiple T > of n, we have 

i{J) + z/(c") = a{c) mod 2. (3.23) 

Proof. By Theorem 3.3, the definition of n, and the evenness of T, we obtain 

i(c^) = T{i{c)+p.+po-r) + 2Y,E{—^) 

-r - p^ - Pq - qo - q+ - 2(r* - K), (3.24) 
Kc") = Kc) + 9- + 29o + g+ + 2C(r,7(r)), (3.25) 

where C,{T,^{t)) is given by (3.10). Thus we obtain 

i{(F) + i^(c") = v{c) - r - p- - po - q- - Qo (mod 2) 

= p- + 2po + p+ - r - p- - Po - q- - qo (mod 2) 

= (7(c) (mod 2). (3.26) 

This proves the lemma. I 

When the Morse index of a prime closed geodesic on a Finsler manifold M is not too small, 
Morse indices of iterations of this closed geodesic satisfy the following monotonicity property. 

Theorem 3.13. Let c be a closed geodesic on a compact simply connected Finsler manifold M 
of dimension d>2 satisfying 

i(c) +po+P->qo + q+ + r + 2(r* - h), (3.27) 

where we denote the basic normal form decomposition of the linearized Poincare map Pc of c by 
(3.5). Then there holds i{c^'^^) > i{d^) for all m > 1. In particular, the condition (3.27) holds if 
i{c) >d-2. 

Proof. By (3.7) in Theorem 3.3, for any m > 1, we have 



r 



i[d^+^)-i{d^) = i(c)+p-+po-r + 2j2 



^ ( vm + l)% \ mdj 



2tt J V 27r 



+ ^ ^ J ^ (go + g+) + 2 E 

j=k,+l 



[m + V)aj 
v\ - — ] 



2-K J ' \ 2-K 

> i{c)+p-+po-{qo + q+ + r + 2(r^-h)), (3.28) 

which, together with the condition (3.27), yields the desired claim. 

On the other hand, by Proposition 3.4 and the homotopy invariance and symplectic additivity 
of the index, we have 

i{c) =p-+po + q-+qo + q++r + h- (mod 2). (3.29) 
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By (3.6) with d replaced by d — 1, it yields go+9++''+2(r* — A;*) < d—1. If q'o+9+ + ^+2(r* — A;*) = 
d — 1, there holds p- + po + p+ + q- + 2k* + 2ro + h- + h+ = by (3.6), which implies that 
i{c) +d-l = (mod 2) by (3.14). Thus by i{c) >d-2,we obtain 

i(c) +P-+PO- {go + q+ + r + 2(r, - h)) > i{c) - (d - 1) > 0. (3.30) 

This completes the proof of Theorem 3.13. | 



3.3 The quasi-monotonicity of index growth 

Note that the Morse indices of closed geodesies in general are not monotone if the initial Morse index 
is small enough. For irrational closed geodesies with enough irrational rotation terms, in this section 
we establish a similar property, which we call quasi-monotonicity, to replace the monotonicity of 
the indices. 

For rational closed geodesies, the properties of Morse indices of their iterations have been com- 
pletely understood in [LoDl]. Here, we are interested in properties of Morse indices of iterations 
of irrational closed geodesies. This needs properties of sequences of vectors in R" uniformly dis- 
tributed mod one in number theory which can be found in pages 5-6 of [GrRl] 

Definition 3.14. (cf. pages 5-6 of [GrRl]) For given v = {v\, ... , Vn) € R", define v mod 1 to 
be the vector {v} = {{vi}, . . . , {vn})- The sequence of vectors {uk}ke^ with G R" is uniformly 
distributed mod one if for any <bj < Cj < 1 for j = 1,2, . . . ,n, we have 

i™o ^ ^ ^ I e c,)} = U]^,icj - bj). 

Proposition 3.15 (Kronecker's result, cf. page 6 of [GrRl]) If l,vi, ... ,Vn are linearly inde- 
pendent over Q, then the vectors {{kvi, . . . , kvn)}k&TS! O'f^ uniformly distributed mod one on [0, 1]". 

For our purpose, we need the following definition. 

Definition 3.16. Let v = {vi, ...,!;„) G (R \ Q)''. For a vertex x e {0, 1}'' of [0, 1]", we call 
V uniformly distributed mod one near x, if for any given e G (0,1/2), there exist infinitely many 
m G N such that 

\{mv}-x\<e. (3.31) 

Note that when some oil,vi, . . . ,Vn are linearly dependent over Q, the Proposition 3.15 does not 
hold in general. In this case, the sequence j A; > 1} in general is only uniformly distributed on 

the intersections of some lower dimensional hyperplanes with [0, 1]". For example, let v\ G (0, 1)\Q, 
and v-2 = 1 — vi. Then l,vi,V2 are linearly dependent over Q, and for v = {yi,V2) the sequence 
{{Aj-y} I k G N} is dense on the second diagonal {(x, y) G [0, 1]^ j x -|- y = 1} of [0, 1]^. Specially v is 
uniformly distributed mod one near the vertexes (0, 1) and (1,0), but is not uniformly distributed 
mod one near the vertexes (0, 0) and (1, 1). For another extremal example: let v\ = V2^ (0, 1) \ Q. 
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Then l,vi,V2 are linearly dependent over Q, and for v = {vi,V2) the sequence | k G N} is 

dense on the diagonal {{x,y) G [0, 1]^ | x = y} of [0, 1]^. Specially v is uniformly distributed mod 
one near the vertexes (0,0) and (1, 1), but is not uniformly distributed mod one near the vertexes 
(1,0) and (0,1). 

We need the following Theorem 11.1.2 of [Lon3] (originally proved as Theorem 4.2 of [LoZl]) 
to continue our study. 

Proposition 3.17. (Y. Long and C. Zhu [LoZl]) Fix v = (fi,...,f„) G R". Let H be the 
closure of the subset {{mv} \ m G N} in and V = Tq'k~^H be the tangent space of Tr~^H at the 
origin in R**, where tt : R" — > T" is the projection map. Define 

A{v) = V\ U„^gR\Q{a; = (xi, . . . , rc^) G F | Xfc = 0}. 

Define ip{x) = when x >Q and ip{x) = 1 when x < 0. Then for any a = (ai, . . . , a„) G A{v), the 
vector 

X = (V'(ai),---,V'(an)) 

makes 

\{Nv} - xl < e. 

holds for infinitely many G N. 

Moreover, this set A{v) possesses the following properties. 

(a) A{v) / 0. 

(b) When v G Q", there holds V = A{v) = {0}. 

(c) When u G R" \ Q", there hold dim F > 1, A{v) C V, A{v) = -A{v), and that A{v) is 
open in V . 

(d) When dimV = 1, there holds A{v) = V\ {0}. 

(e) When dimV > 2, A{v) is obtained from V by deleting all the coordinate hyperplanes with 
dimension strictly smaller than dimF from V, and specially di'niA{v) = dimV. 

Denote byl = (l,...,l)G R". Define the opposite vertex % of a vertex x in [0, 1]" by 

X = i-X- (3.32) 

The following lemma is a generalization of the above example and will be useful later. 

Lemma 3.18. Let v = {vi, . . . ,f„) G (R \ Q)" be uniformly distributed mod one near a vertex 
X G {0, 1}" of [0, 1]". Then v is also uniformly distributed mod one near the opposite vertex x of 
X- 

Proof. For the given v G (R \ Q)", we apply Proposition 3.17 to prove the lemma. Using 
notations in Proposition 3.17, we obtain A{v) / by the conclusion (a) and the fact -y G (R\ Q)". 
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Now using the function ^ : R — >■ {0, 1} in Proposition 3.17, we further define a map ■0 from 
A{v) to vertexes of [0, 1]" by 

i>{a) = (V'(ai), . . . , ip{an)), V a = (ai, . . . , a^) G A{v). 

Then we have the following two claims: 

Claim (i) If v is uniformly distributed mod one near a vertex x of [0, 1]", then there exists an 
a G A{v) such that x = i^{o)- 

In fact, let Hq be the closure of the set {{mv}\m G N} in [0,1]". It is well known that 
the closed set Hq consists of only finitely many connected components which are intersections of 
parallel equal dimensional subspaces with [0, 1]" (cf. descriptions in Sections 23.4 on page 508 
and 23.10 on page 522 of [HaWl]) and determined by the integral linearly dependent relations 
satisfied by the irrational numbers {ui, . . . , Vn}- Then we have H = 'k{Hq) and V in Proposition 
3.17 can be identified as the linear subspace of R" passing through 0, parallel to Hq, and satisfying 
dimF = dimiJo- Because the closed set Hq consists of only finitely many connected components, 
we can choose an e G (0, 1/4) sufficiently small such that the ball -Bg(x) with radius e centered at the 
point X ill has non-empty intersection with only one connected component Hi of Hq. Because 
V is uniformly distributed mod one near the vertex x, we can choose a sufficiently large m G N 
such that {rm;} G Bc{x) Hi. Denote the point {mf } by 6 = . . . , Then by the choice of 
e, we have either hi G (0, 1/4) or hi G (3/4, 1) for each i = 1, . . . ,n. Here the fact v G (R \ Q)"" is 
used. We define a new point a = (ai, . . . , a„) by 

if hi G (0, 1/4), 
if hi G (3/4, 1), 

for all i = 1, ... ,77.. Denote the segment connecting x to 6 by ^i, and the straight line passing 
through and parallel to Zi by I2 (cf. The definitions of a and h in Figure 3.1). 
Then by the definitions of V and A{v), we have 

a G Z2\{0} C A{v) C V. 

Specially we have '4^{a) = x and proves the Claim (i). 

Claim (ii) // a vertex x of [0, 1]" is in the image of tp, so is its opposite vertex x in [0, 1]". 

In fact, let a = (ai, . . . ,0^) G A{v) and x = V-'(cj)- Then —a G A{v) by (c) of Proposition 3.17 
and aj 7^ for all 1 < i < n by (d) and (e) of Proposition 3.17. Therefore x = i^i—o) holds, which 
completes the proof of Claim (ii) . 

Now Lemma 3.18 follows from these two claims. ■ 

Corollary 3.19. Let v = {vi,. . . ,Vn) G (R \ Q)". Then there exists an integer r satisfying 
[(ri + l)/2] < r < n and a subset P of {1, ... ,n} containing r integers, such that for any e G (0, 1/4) 
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Figure 3.1: The points a and b in the 2 dimensional case. 

there exist infinitely many integers Ti and r2 G N satisfying respectively 

i{TiVi}>l-e, forieP, 

\ {Tivj}<e, for j e {1, . . . ,n} \ P, 

, r {^2^0 < 6, for ieP, 

and < (3.34) 
\{T2Vj}>l-e, for je{l,...,n}\P 

Proof. By the proof of Theorem 4.1 of [LoZl] (cf. pp. 233-234 of [Lon3]), there exists a vertex x 
of [0, 1]" such that v is uniformly distributed mod one near %. By Lemma 3.18, v is also uniformly 
distributed mod one near the opposite vertex % of % in [0, 1]". Let P(^) = {j e {1, . . . ,n} \ = 1} 
for any ^ G {0, 1}". Let P be the one of P{x) ^iid P{x) which contains not fewer integers. Let 
r = "^P. Then the conclusion of Corollary 3.19 follows. I 

To estimate Morse indices of closed geodesies, we need first 

Definition 3.20. For a prime orientable closed geodesic c with mean index i(c) > on a, 
Finsler manifold (M,F) of dimension d > 2. Denote the basic normal form decomposition of the 
linearized Poincare map Pc of c by (3.5). Using A = i(c) + p- + pq — r and p{m) = X]j=i["l^] f^f 
any integer A G [0, k\ with k given in (3.5), we define 

Xc{m) = mX + 2p{m), Vm G N, (3.35) 
mi(c) = min{m G N | Xc{n^) > ^(c) + 4dimM + 2k, when m > m}, (3.36) 
aA{c) = minjl^l I < j < A, I <m <mi{c)^ , (3.37) 

I5a{c) = minjl^l ^ + 1 < j < A;, 1 < m < mi(c)| . (3.38) 
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Here we have Q!a(c) and Pa{c) G (0,1) whenever they are defined. Note that from i{c) = 
^ + Sj=i ^ > 0) we obtain 

Xc{m) = mA + 2^[^] 
i=i 



> mi(c) - 2r. (3.39) 

Thus the positive integer mi(c) in (3.36) and then aA{c) and ,0a (c) are well defined and depend 
only on c , because i{c) > 0. 

The following is our main estimate in this section. 

Theorem 3.21. (Quasi-monotonicity of index growth for irrational closed geodesies) 

Let c be a closed geodesic with mean index i{c) > on a compact simply connected Finsler manifold 
{M,F) of dimension d>2. Denote the basic normal form decomposition of the linearized Poincare 
map Pc of c by (3.5). Then there exist an integer A with [{k + l)/2] < ^ < A; and a subset P of 
integers {1, . . . , A;} with A integers such that for any e G (0, 1/4) there exists an sufficiently large 
integer T G nN satisfying 



27r 
27r 



> 1 - e, for j G P, (3.40) 
< e, for je{l,...,k}\P. (3.41) 



Consequently we have 



i{c"')-i{c^) > Ki = \ + {qo + q+) + 2{r-k) + 2{r^-k^) + 2A, Vm > T + 1, (3.42) 
i{c^) - i(c™) > K2 = \-{qo + q+) + 2k - 2(r* - k^) - 2A, V 1 < m < T - 1, (3.43) 

where A = i{c) +p- +po — r, the integers p-, po, qo, g+, r, k, r* and k* are defined in (3.5). 

Remark 3.22. Similar to our discussion after Definition 3.16, in Theorem 3.21 we proved the 
existence of the integer A located inside the interval [[(A; + l)/2], k\. But we do not know in general 
which precise value it may take without further knowledge on the Oj/tts. Specially if A; > 2 and 
these irrational numbers are linearly dependent over Q, then A can not take every integer value 
between 1 and k. 

Proof of Theorem 3.21. We carry out the proof in several steps. 

Step 1. Note first that iteration formulae of Morse indices of symplectic paths ending at 
iVi(— 1,— 1) or A'"i(— 1,0) and those ending at R{n) are precisely the same, although their nullity 
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may be different by 1 (cf. Sections 8.1 and 8.2 of [Lon3]). Because our current theorem concerns 
only Morse indices of iterations of a closed geodesic, so for simplicity of the description we shall 
replace all terms of A'^i(— 1, —1) and A'^i(— 1, 0) by i?(7r)s in (3.5) and thus replace r by the value of 
r + qo + q+ and set ^"^"-^^^ (go + 5+) = in (3.7). 
Step 2. Reduction to estimates on xdiTT-)- 

Therefore, by (3.5), Theorem 3.3 and Step 1, for any m > 1, the iteration formulae of Morse 
indices of this closed geodesic c is given by 



i(c") = rn{i{c) + p_ + po - r) + E . ^ 

— r — p_ — f»o - 2(r* - fc*) + 2 ^ 

j=fe«+i 



(3.44) 



Therefore for any T G N, we obtain 



:m+T\ 



r 

mA + 2^ 



E 



\3=l 

f * 

j=k*+l 



(m + T)9j 

r 

+ E 

\ 27r 



E 



2tt 



+ 2 E 

i=fc.+i 



+ 



27r 



mt 



27r 



ma. 



27r 



27r 



(m + T)aj 
2^ 

27r 

, Vm > 1, 



/To, 
V 2tt 



(3.45) 



and 

z(c^) 



E 



i{c^-^) 

r 

mX + 2j2 

i=i 

r r 



V 2tt 



E 
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+ 2 E 

j=A;.+l 



zA + 2j^X: 

+2 E 

j=fe*+l 



mt 



27r 



+ E 

2tt 



E 



2tt 



E 



For J = 1, . . . , r, z = 1, . . . , A;* and m > 1, let 



£f{T,m 



= E 
£j{T) = E 

(pf{T,m) = (f 



Taj 
27r 



27r 



my 



27r 

Taj 
27r 



27r 



"2^ 



"2^ 



Taj\ f {T — m)aj 
~2^) ~^ V 2^r 

Vl<m<r-1. (3.46) 

(3.47) 
(3.48) 
(3.49) 
(3.50) 
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Using these notations, from (3.45) and (3.46) we obtain 

z(c-+^) - i(c^) = Xc(m) + 2^(5+(T,m)-f,(r)) + 2 i^t {T,m) - ^,{T)), 

j=l j=k,+l 

Vm>l, (3.51) 

i(c^)-z(c^— ) = Xc{m) + 2j^{Sj{T)-Sj{T,m)) + 2 (<^,(r) - (^T(r,m)), 

j=l j=A;«+l 

Vl<m<r-1. (3.52) 
Therefore (3.42) and (3.43) are equivalent to the following estimates: 

Xc(m) + 2^(5+(T,m)-5,(T)) + 2 (^+(r, m) - ^.(T)) > Ki, 

Vm>l, (3.53) 

Xc(m) + 2^(5,(r)-£:-(r,m)) + 2 ((^,(r)-<^-(r,m))>K2, 
j=i i=*;*+i 

Vl<m<r-1. (3.54) 

By the choice of T G nN, where n = n{c) is the analytical period of c, we have 

SjiT) = 1, 1 <£+{T,m) <2, < iT,m) < 1, Vl<j<A:, (3.55) 

£'j(r) = 0, 0<^+(T,m)<l, £'7(r,m) = 0, V/c + l<j<r, m > 1, (3.56) 

/ 777,0; ■ \ 

(^j(r) = 0, ^±(r,m) = (^f G {0,1}, V/c* + l<i<r*, m>l. (3.57) 
Therefore (3.53) and (3.54) are equivalent to the following estimates: 

Xc{m) + 2^^+(r,m)-2A: + 2 £ ^ (^H^^ > K^, 

j—^ j=k*-\-l 

Vm>l, (3.58) 



k 

m,aj 
~2^ 



Xc(m) + 2fc-2$^5-(T,m)-2 ^ ^ ( _i ) > 

i=i i=fc,+i 



Vl<m<T-l. (3.59) 

Step 3. Definition of the set S. 

Note that by the Definition 3.20 of mi(c) and the definitions of Ki and K2 in (3.42) and (3.43), 
we have 

Xc{m) >i{c) +4 dim M + 2k >maK{Ki,K2 + 2{r^ - h)}, Vm > mi(c). (3.60) 

Thus together with (3.55)-(3.57), the estimates (3.58) and (3.59) hold for all m > mi(c). Therefore 
to continue the proof, it suffices to find T so that (3.58) and (3.59) hold for those m G N satisfying 

1 < m < mi(c) and Xc("^) < Toaax{Ki, K2 + 2(r* — k^t)}. (3.61) 
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According to (3.61), let 

k = max{Ki,K2 + 2(n - h)} - A. (3.62) 

Then 

K = max{2(r - k + - h) + 2A, 2{k - (r* - A;*)) - 2A} > 0, 

where we have used the fact qo + q+ = from Step 1 and the definitions of Ki and K2 in (3.42) 
and (3.43). 

For every integer /x G [0, i^], let 

<S^ = {m G N I Xc{iTT') = -^ + A*) 1 < m < mi{c) } , (3.63) 
S = [j S^. (3.64) 

Q<IJ.<K 

For m G [l,mi(c)] \ S, we have 

Xc{m) > X + k >ma^{Ki,K2 + 2{n - k^)}, Vl<TO<mi(c). (3.65) 

Therefore together with (3.55)-(3.57), the estimates (3.58) and (3.59) hold for all m G [l,mi{c)]\S. 
Now it suffices to prove the estimates (3.58) and (3.59) for every m E S. 
Step 4. Determinations of A and T. 

Now by Corollary 3.19, there exists an integer A with [{k + l)/2] < A < k and a subset P of 
{1, . . . , A;} with precisely A integers satisfying the conditions (3.40) and (3.41). Here specially the 
existence of the integer T follows from the mod one uniformly distribution property (cf. [GrRl]) 
used in Corollary 3.19. For notational simplicity, by reordering OjS, without loss of generality we 
assume P = {1, . . . , ^} in the following. 

Thus for ac{A) and PdA) > defined in (3.37) and (3.38), we can find T G nN such that 

{17} ^ 1<J<A (3.66) 

{17} < ^ + ^^3<k. (3.67) 

Thus by (3.66) and the definition (3.47) of Sj~{T,m) for 1 < m < mi(c), we obtain 

l<{^} + «c(^)<2. 

Then for 1 < j < ^ we have 

> ^({^}. ».(.)) 

= 2. (3.68) 
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Therefore by (3.55) for such a j we obtain Sj~{T, m) = 2, and then 



J 

k 



^ Sf (T, m)>Y^ £f {T,m) > 2A + {k - A) = k + A. (3.69) 
Similarly by (3.67) and the definition (3.47) of £~{T,m) for 1 < m < mi(c), we obtain 

Then for ^ + 1 < _7 < A; we have 

. .({^}-{^}) 

= 0. (3.70) 
Therefore by (3.55) for such a j we obtain Sj'{T, m) = 0, and then 

k A 

^ £- (T, m) < 5^ (T, m) < ^. (3.71) 

■ 

On the other hand, note that because ^ Q holds for j = 1, . . . , A;, we obtain 

i:^^({^})=fc, Vm>l. (3.72) 



Note that 

i(c-) = mX + 2j2E(^)-r-p.-po-2{n-k.) + 2 

i=i ^ j=fc*+i 

Thus by (3.72) for every m G N we obtain 

= -2Ei?({^})+(r + p-+po) + 2(r,-A;,) 



XcVni 



-2 E H^h'i^'") 



= \ + {^{c"^)-^{c)) + 2{r-k- ^ ^ ({^} 



j=fe+i 

+2(r.-fc.- f: ^(^)). (3.74) 
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step 5. Estimates (3.58) and (3.59) for me S. 

By the definition of m E with < /j, < K, we have Xc{nT-) = A + /x. Thus by (3.74) for such 
an m G S^, (3.58) and (3.59) are equivalent to the fohowing estimates: 



^£:+(T,m) > k 



X fj, 



k 



• E ^ 

j=k*+l 



27r 



+ <m< mi(c), 



(3.75) 



yi<m< min{r- l,mi(c)}.(3.76) 



i=i i=fc*+i 

We continue the study in three sub-steps according to the value of /i for (3.75) and (3.76). 
Sub-step 1. Study on (3.75) for m & with 1 < fJ, < 2(r — + r* — fe*). 
We start from the following 

Claim 1: For any m G 5^ with < /x < 2(r — A; + r* — fc*), the set 



'2^ 



m,ai 



k + l<j<r,k^ + l<l<r^ 



(3.77) 



contains at least [r — k + r^ — k^) — [/u/2] non-zero elements. 

In fact, if the claim does not hold, then the number of zero elements in is at least [/i/2] + 1. 

By the Bott formula (cf. [Botl] and Section 12.1 of [Lon3]), there always holds i{c^) — i{c) > 
for all m G N. Thus by the definition of 5^, (3.74) and the above assumption we obtain 



A + zu = Xcim 

= X+2\r-k 



mOj 
z{c) 



+ 2 \r* - k* - ^ ipi 
\ j=fc,+i ^ 



ma. 



27r 



j=k+i 

> A + 2([^/2] + l)+ i(c'")- 

> A + /x + l + i(c'")-i(c). 

This contradiction proves Claim 1. 

Note that in this Sub-step 1, {^} = for A; -|- 1 < j < r by the choice of T G nN. Thus by 
Claim 1 we have 



+ z(c'") - i(c) 



(3.78) 



j=k+l 



j=k,+l 
r 



~2^ 



E ^({^})+ E ^( 

-1.1 1 ^ — U J 1 \ 



j=k+l 



j=kt,+l 



~27 



> ir-k + r^-k^)-[^]. 



(3.79) 



Therefore by (3.69) and (3.79), we obtain 



5:£:+(r,m) = Y£+{T,m) + 



j=k+l j=k»+l 



ma 



2tt 



■ E ^ 

j=k, + l 



maj 
~2^ 



27 



j=kt+l 

2 2 ,i:^/{2n) 2 

+ (^ + A + {r-k + n-k,)-^y (3.80) 

Therefore to get (3.75), we need to require the last hne in the right hand side of (3.80) to be 
non-negative. Thus the largest value which Ki can take to guarantee (3.75) is: 

Ki = X + 2{r-k + n-k* + A). (3.81) 

Sub-step 2. Study on (3.75) for m ^ with 2(r — k + — k^) < ^ < K . 
In this case, by (3.69) we have 



> Y^£+{T,m)- ^ 

r* 

> k + A~ y LP 

i=fc.+i 



tjn^.'T^)^ t.m -t.m 



j=k+l i=fc*+l 



j=k, + l 



27r 



2-K 



Therefore the choice of Ki by (3.81) yields also the largest value which Ki can take to guarantee 
I + A + ^ - ^ > in the right hand side of (3.82), and then (3.75). 

Sub-step 3. (3.76) for m G [l,min{r - l,mi(c)}] n 5^ with 0<n<K. 

In this case, for any m G [1, min{r — 1, mi(c)}] fl 5^ with < iJ. < K, by (3.55) and (3.71) we 
have 

X:^7(T,m) < A 

j=k^+i 

+ — 





K2 


27r ) 


2 


j=fct+i 


/ maj 
V 27r 






27r / 


2 



2 2 . , V 27r y 2 
X a X - 

j=fe*+i 

+ (A-fc-^-| + (r.-fe.) + ^')- (3.83) 
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Therefore to make 

^ - A; - - - I + (r* - A;*) + ^ < 0, 
the largest value which K2 can take is 

K2 = \ + 2{k- A)-2{r^-K). (3.84) 

Prom (3.83) we obtain that the choice (3.84) of K2 makes (3.76) holds. 

Now (3.81) and (3.84) make (3.75) and (3.76) hold, and complete the proof. 

Step 6. As the final step, we come back to the discussion in the Step 1 of this proof, i.e., we 
consider the quantity go + <?+ in (3.7) and the constants Ki and K2. Then replacing r by r + go + g+ 
in (3.81) and (3.84) we obtain 

Ki = {\-{qQ+q^)) + 2{r+{qQ + q+)-k + r^-K+ A) 

= \ + {qo + q+) + 2{r -k + r^-K + A), (3.85) 
K2 = \-{qo + q+) + 2(k-A)-2(r^-K). (3.86) 

These two quantities yield (3.42) and (3.43) and complete the proof of Theorem 3.21. | 

The following consequences of Theorem 3.21 will be used later in our proof. 

Corollary 3.23. (Maximal index jump) Let c he a closed geodesic with mean index i{c) > 
on a compact simply connected Finsler manifold (M, F) of dimension d > 2. Denote the basic 
normal form decomposition of the linearized Poincare map Pc of c by (3.5). Suppose the integer A 
in Theorem 3.21 can he chosen to be equal to k given by (3.5). Then there exist infinitely many 
integers T G N such that 

i{c^+^) - i{c^) = A+(go + g+) + 2r + 2(r*-A;*) 

= i{c) +p-+pQ + qQ + q+ + r + 2{r^-k^). (3.87) 

Proof. If we change the equalities to inequalities so that the right hand side of (3.87) becomes a 
lower bound of i{c^~^^) —i{c'-), then it follows from (3.42) of Theorem 3.21 with A = k immediately. 

To get the equality, we choose A = k in Definition 3.15 and (3.40). Together with (3.55)-(3.57), 
with T chosen by Theorem 3.21 we obtain 

z(c^+i)-i(c^) = A + 2p(l) + 2^(£:+(T,l)-f,(r)) 

+2 (¥';(r,i)-<^,(T)) + (go + g+) 

i=A;* + l 

= X + 2k + 2{r -k)+2{r^-k^) + {qo+q+), 
which yields (3.87) and completes the proof. | 
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Corollary 3.24. Let c be a completely non- degenerate closed geodesic with mean index i{c) > 
on a compact simply connected Finsler manifold (M, F) of dimension d > 2. Denote the basic 
normal form decomposition of the linearized Poincare map Pc of c by (3.5). Let r = k be the total 
number of rotation matrices as in (3.5). Then there exists an integer A with \{r + l)/2] < A < r 
and infinitely many integers T G N such that 

i{c"')-i{c^) > i{c) + {2A-r), Vm>T + l, (3.88) 

i{c^)-i{c"') > i{c)-{2A-r), Vl<m<r-1. (3.89) 

Proof. Because c is completely non-degenerate, we have p_ = = P+ = = ^Zo = <Z+ = 0, 
A = i(c) — r, r = k and r* = A;*. By Theorem 3.21, we obtain (3.42) and (3.43) for some integer A 
with [{r + l)/2] < A <r and some T G nN, where the constants Ki and K2 in (3.42) and (3.43) 
are given by 

Ki = X + 2{r-k) + 2{r^-k^) + 2A = i{c) + {2A-r), (3.90) 
K2 = X + 2k-2{r^-k^)-2A = i{c)-{2A-r). (3.91) 

Therefore (3.42) and (3.43) yield (3.88) and (3.89) respectively. | 

Remark 3.25. Note that Theorem 3.21 and all corollaries hold as well for every symplectic 
path 7 G Vr{2d) by our proofs above. In addition, note that we can choose the T to be some 
multiple of n in all above properties of Morse indices. 

4 Rational and completely non-degenerate closed geodesies 

Let (M, F) be a compact manifold with an irreversible or reversible Finsler (including Riemannian) 
metric F. In this section, we study closed geodesies on M. It is well known that if the total number 
of prime closed geodesies on M with a bumpy metric F is finite, then every prime closed geodesic 
c must satisfy i{c) > by Theorem 2 of [BaKl]. By results of [GrMl], [ViSl], and Theorem 2.4 of 
[Radl], we are interested in compact simply connected manifolds. We start from some lemmas. 

Lemma 4.1. Suppose that there exists only one prime closed geodesic c on a compact simply 
connected bumpy Finsler manifold M with H*{M;Q) = T^^h+iix) for some integers d > 2 and 
h>l. Then we have 

i{c) > 0, i{c) = d-l and Mq = bq, V g G Nq. (4.1) 
Proof. It suffices to prove the last two claims in (4.1). 

If i{c) + d is even, {d + 2j — 1) — i{c) is odd. Then by Lemma 2.1 there holds Cd+2j-i{E, c"*) = 
for all m G N and j G Z. And thus all Morse-type numbers satisfy Md+2j~i = 0. But the Morse 
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inequalities and Lemmas 2.5 and 2.6 then imply the contradiction = M^-i > bd-i > 1. So i{c) + d 
must be odd. 

Now by Lemma 2.1 again, we obtain Cd+2j{E,c"^) = for all m G N and j G Z, because 
{d + 2j)-i{c) is odd. Thus Md+2j = = bd+2j by Lemmas 2.5 and 2.6 for all j e Z. Then Mg = bg 
for any q € Nq follows from the Morse inequalities. 

In addition, by Lemmas 2.5 and 2.6, it yields bd-i = 1 and bj = for j < d — 2. Thus by 
Md_i = bd-i = 1 and Lemma 2.1, we get i{c) = d — 1. | 

Note that in this section, we denote by Q"* the m times of the module Q instead of using the 
notation mQ in order to make the text clearer. 

In this paper, when there is only one prime closed geodesic c on a Finsler manifold {M,F), we 
denote the corresponding energy levels by Km = E{d^) for m > 1. 

Lemma 4.2. (cf. Proposition 4.1 of [LoDl]) Let {M,F) be a simply connected compact Finsler 
manifold with H*{M,Q) = Td^fi^i{x) and possessing only one prime closed geodesic c which is 
rational. Let n = n(c) be the analytical period of c. Denote by Cj = Hj{A,A'^") = Q^^' for all 
j E 7i. Then there holds 



where bj is the Betti numbers of the free loop space in Lemma 2.6, the constant p{c) is defined by 
p{c) = p{Pc) via the linearized Poncare map Pc of c and definition (3.22). 

Next we give a slight modification of Theorem 5.2 of [LoDl] to give a new result which is 
designed for manifolds in above lemmas with some integer h>2 and even integer d>2. Here only 
the condition (4.7) below is weakened slightly than that in [LoDl]. 

Theorem 4.3. Let {M,F) be a simply connected compact Finsler manifold with H*{M,Q) = 
Td,h+i{x) and satisfying (OR) with the only prime closed geodesic c. Let n = n{c) be the analytical 
period of c. Denote by 



Suppose that there exist two integers n > —1 and p{c) > such that c satisfies the following 
conditions: 



Cj = 6j_i(cn)-p(c) V j G Z, 



(4.2) 



dj = kf"\cn, VjGZ. 



(4.3) 



i{c^+^) = i{c'') + i{c'^)+p{c), 
z(c"*) + i.(c'") <z(c") + /x, 
dj = 0, Vi>// + 2, 



V 1 < m < n. 



V m > 1, 



(4.4) 
(4.5) 
(4.6) 



(4.7) 



Then there exists an integer k >0 such that 



i(c")+A« 



S(d,g)(i(c-)+p(c)) + (-l)*('=")+'^, 



K = 



(4.8) 



i=/i-p(c)+i 
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Proof of Theorem 4.3. We indicate necessary modifications of the proof of Theorem 5.2 of 
[LoDl] and are very sketchy here. 

As in the Step 1 of the proof of Theorem 5.2 of [LoDl], for j G Z, we denote by 

Uj = Hj (A''" , a") = Q"^ , = Hj (A, a") = Q^^ , Cj = Hj (A, A"" ) = Q"^ . (4.9) 

Let P = i{c^). Then the long exact sequence of the triple (A, A A ) yields the following diagram: 

Cp+n+i f/fl+zi B/i+n ^P+n ■■■ ^ Uq Bq ^ Cq 

Q«/3+M qW ... Q"o 0, 

where C^+^+i = = Co follows from (4.7) and Lemma 4.2, and 6o = follows from Lemma 2.6. 
Then this long exact sequence yields 

3=0 

Replacing (5.17) in [LoDl] by the above (4.10), repeating the proof of Theorem 5.2 in [LoDl] 
and using the above Lemma 4.2, we obtain 

= S(d,g)(/?+p(c))-E(-l)^fe, + E(-l)^V^_p(,) + (-l)/^+'^«^+^+i 

3=0 3=0 

= i?(d,g)(/3+p(c))- (-1)^6,- + (-l)/^+'^n^+^+i. (4.11) 

i=/i-p(c)+i 

That is, (4.8) holds with k, = ^^3+^+1 > 0. | 
Our main result in this section generalizes the multiplicity results in [LoDl] on rational closed 
geodesies on spheres, and in [DuLl] and [Rad4] on bumpy spheres, and [Rad5] on bumpy CP^ to 
all compact simply connected manifolds. 

Theorem 4.4. Let M be a compact simply connected manifold with H*{M; Q) = Tdfi+i{x) for 
some integers h > 1 and d > 2. Let F be an irreversible Finsler metric on M and c be the only 
prime closed geodesic on M . Then c can be neither rational nor completely non- degenerate. 

Proof. Note that when d is odd, then /i = 1 by Remark 2.5 of [Radl]. Note that when 
h = 1, M is rationally homotopic to the sphere S"^. In this case the conclusion that c can not be 
rational follows from [LoDl], the conclusion that c can not be completely non-degenerate follows 
from [DuLl]. Therefore it suffices to prove the theorem for the integer h > 2 and even integer 
d >2. We continue the proof in two claims. 

Claim 1: c is not rational. 
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In fact, assuming that c is rational, we follow ideas in the proof of Theorem 6.1 of [LoDl] and 
prove the theorem by contradiction. 

To generate the non-trivial Hd-i{AM/S^,AM^/S^;Q) (cf. Lemmas 2.5 and 2.6), the prime 
closed geodesic c must satisfy 

i{c) > 0, < i(c) <d-l. (4.12) 

Let n = n(c) be the analytical period of c. By the periodicity property (A) of Theorem 3.7 of 
[LoDl], we have 

i(c'"'^) = mz(c") + (m-l)p(c), V m G N. (4.13) 

Thus by (4.12) and Corollary 9.2.7 of [Lon4] we have i(c") + p(c) = i(c") = ni{c) > 0. Note that 
z(c") = p{c) mod 2 by (D) of Theorem 3.7 of [LoDl], thus we have 

z(c")+p(c) G 2N. (4.14) 

Let n = p{c) + {dh - 3). Then by (4.14) we have 

z(c") + /X > d/i - 1 > 3, iid") + /X G 2N - 1. (4.15) 

Now we can verify the conditions (4.4)- (4. 7) of Theorem 4.3 as in the proof of Theorem 6.1 of 
[LoDl]. Note that (4.4)-(4.5) follow from Theorem 3.7 and Proposition 3.11 of [LoDl], (4.6) follows 
from (B-2) of Theorem 4.1 of [LoDl], and (4.7) follows from Lemmas 2.6 and 4.2 and the evenness 
of /X -I- 1 — p{c). Then by Theorem 4.3, we obtain for some integer k > 0: 

i(c")+At 

S(d,/i)(z(c")+p(c)) + (-l)'(^")+'^K= (-l)'^J- (4-16) 

J=/"-p{c)+l 

Thus by (4.15) we obtain 

B{d, /i)(i(c") +p{c)) > - ^2,-1. (4.17) 

M-p(c)+l<2j-l<i(c")+/i 



By Lemma 2.4 we have 



, , , h(h + l)d 
B{d,h) = - ^ <0. 



Thus from Theorem 3.7 of [LoDl], we have 

i(c") + - (d - 1) = i{c^) + p{c) + dh-d-2e2N. (4.18) 
By (4.17), (4.18) and (2.12) we obtain 



B{d, h) ^_^(.^^_|_^^2j-i<i(c")+;i 



2D 



h{h + \)d 



E ^2,-1- E ^2,-1 I . (4.19) 

\0<2j-l<i(c"-)+^i 0<2j-l<dh-2 
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Letting D = d{h + 1) — 2. Note that because i{c) +p(c) > 2 by (4.14), we have 

i(c") + n = i{c^) + p{c) + dh-3>d-l + {h- l)d. (4.20) 

Thus by Lemma 2.6 we have 

h{h + l)d „ 



0<2j-l<i(c")+/i 



2D 



(i(c") +f,-{d-l))- M^LJM + 1 + ,(i(c") + /.). (4.21) 



On the other hand, because dh — 3<dh — l = d— l + {h — l)d, by Lemma 2.6 we have 

2j-l-(d-l). 



0<2j-l<(ift-3 



E 

d-l<2j-l<dh-3 
d<2j<dh-2 



E 



-d/2^ 



dV2 - 1 - (c?/2 - 1) ,(i/i/2 - 1 - ((i/2 - 1) 1 d 
d/2 ^ ^ 2' 2 

d/i(^ - 1) 



(4.22) 



Therefore we get 



E ^2i-l- Y ^2i-l 

0<2i-l<i(c")+M 0<2i-l<d/i-3 



2D 



• E 

(i-l<2j-l<d/i-3 



. 2j-l-(d-l) 
d ^ 



1 



2D 

Then (4.19) becomes 



hih + l)ci,.^^„^ ^ ^^^^ + _ ^ _ 2) - ^M^^ + 1 + ^^_^(.(^n) + (4_23) 



i(c'') + p(c) < i(c") + p(c) + d/t - d - 2 + 



2D 



h{h + l)d 



that is, 



ed,/»(i(c") + m) > 



h{h+l)d 



2D 

dh-{d- 2) 



2D 



/i + 1 



^(/i + l)d 



(4.24) 



dh + {d- 2) 
Note that by (4.18) we have 

i(c") + fi-id-l) = i(c") + p(c) + dh-d-2 = i(c") + p(c) - 2d + D. (4.25) 
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Let 77 G [0,D/2 — 1] be an integer such that 

^ = { 3 ^ = ^ 5 ^- (^-^^^ 

By the definition (2.13) of ed,h{i{c^) + lA and (4.26), we obtain 

. Mr-\^u\ - r-Pr ^(0+M-(^-l) ,, 2 d - 2 z(c") + - (d - 1) , 

6.,.(^(C )+/x) - {^{ }}-(d + ^H ^ } 

^^I?^ i(c^) + /x-(d-l) ^^ _ ^Ij^ z(c^) + /x-(d-l) ^^ 
2?? 2 d - 2 2?? 2?7 2r7 

= {^}-(^ + ^^)^-{^} 

^d/i^ dh ' D ^ d^ 

= e(2r?). (4.27) 



Now we claim 



In fact, we write 



^f^"' < V2,e|0,cift-21. (4.28) 



277 = + 2m with some p G No, 2m G [0, d - 2]. (4.29) 

Then from pd + 2m = 2r] < dh — 2 = [h — l)d + d — 2 we have 

pe[0,h-l]. (4.30) 

Therefore in this case we obtain 

/r> \ pd + 2m 2 d — 2 pd + 2m 2m 

_ p {2h + d-2)p 2m {2h + d-2)2m 2m 

~ h hD ^~dh dMD d' 

p,^ 2h + d-2, 2mA 2h + d-2 

= 7^^^ + hD 1) 

_ p{d - 2) - 2mh 

< ^JlUm^. (4.31) 

Now if (4.28) does not hold, we then obtain 

dh-{d-2) {h-l){d-2) 

that is, 

dh - d + 2 < dh - d + 2 -2h. 
Because h>2, this yields a contradiction and completes the proof of (4.28). 
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lid = 2, then {^} = holds in (4.28). Thus the definition (4.27) imphes 

€{2ri) < e{dh - 2), V 2r? G [dh, D - 2]. (4.32) 

If d > 4, for any 2ri G [dh, D — 2], write 2r? = pdh + 2m for some p G Nq and 2m G [0, d/i — 2]. 
Then from D — 2 = {h + l)d — 4 = hd + d — 4we obtain p < 1 and 2m < d — 4. Thus we have 

, , 2m ,2 d~2.pdh + 2m 2m 

'^^"^^ = -dh-^d^^^^^-^ 
,^ , ,2 d-2^pdh 

< e(2m). (4.33) 

Therefore from (4.28), (4.32) and (4.33), we obtain that (4.28) holds in fact for ah integer 
r] G [0, £)/2 — 1]. This contradicts (4.24) and completes the proof of Claim 1. 

Claim 2: c is not completely non-degenerate. 

In fact, assuming that c is completely non-degenerate, in which case (M, F) becomes bumpy, 
we prove the theorem by contradiction. 

Then by Theorems 3.2 and 3.3, we have the precise index iteration formulae 



i{d^) = m{i{c)-r) + 2Y, 



mb 



27r 



+ r, where tt" ^ (0, 1) \ Q, 1 < i < r. (4.34) 

2'K 



By Claim 1 and the mean index identity, we have r > 2. Note that Claim 2 was proved in 
[DuLl] and [Rad4] when d is odd or /i = 1, and in [Rad5] when d = h = 2. Next we give the proof 
of Claim 2 in two cases for all the values of d > 2 and h > 1, which yields also a new proof for the 
results in [DuLl], [Rad4], and [Rad5]. 

Case 1: H*{M; Q) = Td,h+i{x) with d = 2 and h>l. 

In this case, by the index iteration formulae (4.34) and Lemma 4.1, it yields 

i{c) = d- 1 = 1, (4.35) 
i{c^^) = i{c^) (mod2), iic^^'^) = i{c) (mod2), V j > 1. (4.36) 

By Lemma 2.6, for any odd integer k>2h-\-l the Betti numbers bj in this case satisfy 

j=0 



{h+l){k-h + l) 



where we have used the fact {h{^}} = for any m G Z. 



(4.37) 
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Note that, by Theorem 3.21 there exists an integer subset P of {1, . . . , r} containing ri integers 
with [{r + l)/2] < ri < r — 1, without loss of generaUty we assume P = {1,. . . ,ri}, such that for 
any given e G (0, 1/4) there exists a sufficiently large T G 2N satisfying 

rpa 

l-{^}<-, Vl<j<ri, (4.38) 
T'f) f 

{^}<-, Vri + l<i<r. (4.39) 

ZTT r 

Thus, by Lemma 4.1 and Corollary 3.24 with A = ri, we can choose T G 2N sufficiently large 
such that R = ) >2h + l and 

i{d^)-i{c^) > i{c)-r + 2A = \ + 2ri-r, Vm>r+1, (4.40) 

i{c^)-i{d^) > i{c)+r-2A = \-{2ri-r), Vl<m<r-1. (4.41) 

Case 1-1: R = i{c^) G 2Z + 1. 

In this subcase, because T is even, r must be odd by (4.34). By Claim 1 and Lemma 2.4 we 
must have r >2. Therefore together with (4.36) we must have 

i{c^) G 2Z + 1, and 3 < r G 2N - 1. (4.42) 

Here we have n = n(c) = 1 in Lemmas 2.4 and 3.10. Then by the facts B(2,h) = — and 
i{c) = 1 — r + YJj=i which follows from (4.34), by Lemma 2.4 we get 

Thus by (4.34) we obtain 

R = i{c^) 



= T(l-r) + 2^ 



27r 



< r(l-r) + 2^— ^-(2ri-r) + 2e 



. ^ 2tt 
2T 

= ^-(2ri-r)+2e, (4.44) 

where the first inequality follows from (4.38). 

On the other hand, by (4.35), (4.36), (4.42) and Lemma 2.1, every iteration with m > 1 
contributes 1 to the corresponding Morse-type number Mj^^'")- Let 

R = R + 2ri-r-l. (4.45) 
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Note that R> R holds and it is odd. Therefore, by (4.40), (4.41) and Lemma 4.1, we have 

R R 

T.bj = T.Mj=T. (4.46) 

i=o i=o 

By (4.37) and (4.46), we obtain 

(4.47) 

Now combining (4.44) and (4.47) together, we get 

2T 

R+{2ri-r) < + 2e 

2 {h + l){R-h + l)_^^^ 



h + l 2 
= R-h + l + 2e, (4.48) 

which impUes ^ < 1. Contradiction! 
Case 1-2: R = i{c^) e 2Z. 

In this subcase, by (4.34), Lemma 2.4, and Claim 1, similarly to the Case 1-1 we obtain 

i{c^) G 2Z and 2 < r G 2N. (4.49) 

Thus n = n(c) = 2 in Lemmas 2.4 and 3.10. Thus from B{2, h) = and l{c) = 1 - r + Ej=i 

similarly to (4.43), by Lemma 2.4 we obtain 

l-^ + E- = 7-^- (4-50) 

Thus similarly to the proof of (4.44), we obtain 

R + 2ri-r < +2e. (4.51) 
h + l 

On the other hand, it follows from (4.34) and Lemma 2.1 that every (?^~^ with m > 1 con- 
tributes 1 to the corresponding Morse-type number Mj((,2m-i) and every with m > 1 has no 
contribution to any Morse-type numbers. Let 

R = R + 2ri-r. (4.52) 

Note that R > R holds and it is even. Therefore by (4.40), (4.41), Lemmas 2.1, 2.6 and 4.1, we 
obtain 

R — 1 R R rp 

j:bj = ^bj = J2Mj = -. (4.53) 

j=0 j=0 j=0 

Then by (4.37) and (4.53), we obtain 

{h + l)iR-h) = T. (4.54) 



38 



Now from (4.51) and (4.54) we obtain 

R + 2ri-r<-^ + 2e = i^ + j^i^-^) +2e = R-h + 2e, (4.55) 
h+1 h+1 

which imphes h < 1. Contradiction! 

Case 2: H*{M; Q) = Td^h+iix) with even d > 3 andh>l. 

In this case, we have i(c) = d — 1 by Lemma 4.1. By Corohary 3.24, as in the proof of Case 1, 
we can choose sufficiently large T G 2nN with n = n(c) being the analytical period of c such that 



R = i{c^) > 2{d - 1) + d{h - 1) + 1, (4.56) 

i(c™)-i(c^) > d-l + 2n-r, Vm>r+1, (4.57) 

- > d-1- (2ri -r), Vl<m<r-1. (4.58) 

Let R = R + 2ri-r-{d-l). Then it follows from (4.57) and (4.58) that 

> R + 2{d-l)>R + 4, Vm>T + l, (4.59) 

iic"") < R, Vl<m<r-1. (4.60) 

If d > 4 and > 1, by (4.59) and (4.60) we obtain 



{R + l,...,R + 5}n {z(c"*) I m > 1} = + 1, . . . , ^ + 5} n {i{c^)}. 

Here note that R = i{c^) may also miss all of R+1, . . . , R+5. Therefore every c™ with m € N\{T} 
has no contribution to the Morse-type numbers Mf^^^, . . . , M^^^. Note that by (4.56), we have 
R > d — 1 + d{h — 1). Thus by Lemmas 2.5, 2.6 and 4.1 there holds 

5 5 

2<E^R+,=E^«+,<1- (4-61) 

Contradiction! 

If d = 3, we then have h = l. By (4.59) and (4.60) we obtain 

+ 1, E + 2, ^ + 3} n {i(c"*) I m > 1} = + 1, ^ + 2, ^ + 3} n {i(c^)}. 

Note that in this case, R and r have the same parity by the choice of T, and thus R is even. 
Similarly to (4.61) by Lemmas 2.5 and 4.1 we then obtain 

3 3 

2 = = E ^R+j = E Mr+j < 1. (4.62) 

Contradiction! 

This completes the proof of Claim 2 and Theorem 4.4. I 
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5 On 4- dimensional compact simply connected irreversible Finsler 
manifolds 



In this section, we give the proof of the main Theorem 1.2 about closed geodesies on 4-dimensional 
compact simply connected irreversible Finsler manifolds. 

By our discussion in Section 1 and Theorems A and B, it suffices to consider the case of the 
4-dimensional compact simply connected manifold M satisfying H*{M;Q,) = for some 

integers d>2 and h> 1 with hd = 4. Thus we consider only the following two cases: 

d = 4 and /i = 1, or d = h = 2. (5.1) 

In these two cases, by Lemma 2.4 we have correspondingly 

^(4,1) = -| 5(2,2) = -| (5.2) 

Suppose F is an irreversible Finsler metric on M. Assume that c is the only prime closed 
geodesic on {M,F), and we prove Theorem 1.2 by contradiction. 

Denote the basic normal form decomposition of the linearized Poincarc map Pc of c by (3.5). 
By Theorem 4.4, the closed geodesic c can be neither rational nor completely non-degenerate. 
Because dimM = 4, together with Rademacher's identity (Lemma 2.4), the basic normal form 
decomposition of P^. must contain precisely two rotation matrices R{6j) with 9j/{2n) G (0, 1) \ Q 
for j = 1 and 2, and have the following form: 

Pc f« R{ei)oR{e2)oG, (5.3) 

where G is one of the 2x2 matrices listed below: 

f Ni{l,a) with a = -l, or 1, 

Ni{-l,h) with 6 = -1, or 1, (5.4) 

R{e,) with ||G((o,i)nQ)\{i}. 

Specially in (3.5) of Pc we have 

k = 2. (5.5) 



Note that by Lemma 2.4, the irrational numbers 



_ ^ 
27r 



(5.6) 



for J = 1 and 2 arc always linearly dependent on Q in the following. The following lemma studies 
the situation in more details. 

Lemma 5.1. Suppose aj G (0, 1) \ Q for j = 1 and 2 satisfy 

0-1 +0-2 = -, (5.7) 
P 
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for some p,q GT>i and {p, q) = 1. Then for any m G N there holds 



Specially there holds 



[mai] + [mcT2] = [ ] — 1, when m € pN. (5-9) 

P 



Proof. Note first that for m G N we have 



(5.10) 



Thus we get 



{mai} + {ma2} = {mai} + - mai} 

= {mai} + {{^} - {mai}} 

f {^}, if {mai} < {^}, 
+ if {mai}>{^}. 

[mai] + [ma2] = m{ai + a2) - {{mai} + {ma2}) 

= !I!:jL - (^^rnai} + {ma2}) 
p 

= [^] + {^}-{{mai} + {ma2}). 
p p 

Together with (5.10), it yields (5.8). 

When m G pN, we have always {mai} > = {mq/p} by the irrationality of ai. This completes 
the proof | 

We continue the proof of Theorem 1.2 in several steps according to the value of i{c) and the 
form of G. 

Step 1. i(c) = 0. 

By Theorems 8.1.4-8.1.7 of [Lon3] (ef. Theorem 3.3 above), in this case we must have G = 
A'^i(l, —1), because all the other choices of G in (5.4) yield an odd i(c) by Proposition 3.4. Thus 
by Theorem 3.3, we have the precise index formulae 

i(c"^) = -2m + 2{[mai] + [maa]) + 2, and z/(c"*) = 1, V m G N. (5.11) 

Then we have 1(0^) G 2Z for all m > 1 and n = n(c) = 1. Thus (5.2) and Lemma 2.4 yield 

-^^^^(fco(c) - fc+(c)) = z(c) = -2 + 2{ai + ^2) > 0, (5.12) 

Then Lemma 2.2, (5.2) and (5.12) imply 

ktic"") = kfic) = 1, ko{c"') = 0, V m > 1. (5.13) 
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Therefore by (5.11), (5.13) and the Morse inequahty, we obtain 

M2, = 0, 62J+1 = M2j+i = #{m € N : i(c™) = 2j}, V j G Nq. 
Speciahy we have hi = Mi > 0. Then we must have 

3 

d = h = 2, and B{d,h) = --. 
Thus by Lemma 2.6 with d = h = 2, we obtain 

M2j = b2j = 0, Ml = 61 = 1, M3 = 63 = 2, = ^^2^+5 = 3, Vj G Nq. 

Next we estimate i{c^) using Lemma 5.1. Prom (5.12)-(5.14) we obtain 

4 

0-1 + o"2 = -• 

Then by Lemma 5.1 we obtain 

[—] - 1 < [mai] + [ma2\ < [—], V m G N. 
Thus by (5.9) and (5.11) for m = 3A; G N we obtain 

i(c3'=) = -6k + 2{[3k • ^] - 1) + 2 = 2/c, V G N. 
By (5.11) and (5.17) for m = 3A; + 1 G N, we obtain 

-2(3A; + 1) + 2{[{3k + 1)^] - 1) + 2 < i{c^''+^) < -2{3k + 1) + 2[(3A; + 1)^] + 2 

That is, 

2k < z(c^'=+^) <2k + 2, V A; G No. 
Similarly for m = 3A; + 2 G N, we obtain 

-2(3A; + 2) + 2([(3A: + 2)^] - 1) + 2 < i{c^''+^) < -2{3k + 2) + 2[(3A; + 2)^] + 2 

It yields also 

2k < z(c3'=+2) < 2A; + 2, V A; G Nq. 

Now wc have the following 

Claim 1: Besides i(c) = 0, there hold 

i{c^) = i(c^) = 2, 
^(gSm+i) = z(c3'"+2) ^ -(^sm+S) ^2m + 2, V m G N. 

In fact, by i(c) = 0, (5.11), (5.13) and bi = 1, we obtain 

z(c"*) G 2N, V m > 2. 
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Thus by (5.23), (5.20), (5.18), (5.13) and (5.15), we obtain (5.21). 

Now by (5.13) and (5.15), from (5.18)-(5.20) we obtain (5.22) for m = 1. Then by an induction 
argument on m we get (5.22) for all m G N and complete the proof of Claim 1. 

Now from (5.11), (5.16) and (5.22), for any m G N we obtain 

2m + 2 = i(c^"*+^) 

= -2(3m + 1) + 2([(3m + l)ai] + [{3m + l)fj2]) + 2 

= -6m + 2((3m + l)(ai + (J2)) - 2({(3m + l)ai} + {(3m + l)a2}) 

= 2m+^-2({(3m + l)ai} + {(3m + l)a2}). 

That is 

{{3m + l)ai} + {{3m + l)a2} = \, V m G N. (5.24) 
Similarly to the proof of Lemma 5.1, by (5.16) again for all m G N we obtain 

{(3m + l)(7i} + {(3m + l)(T2} = {(3m + l)c7i} + {(3m + 1)(^ - ai)} 

= {(3m + l)ai} + {^-(3m + l)c7i} 

= {(3m + l)c7i} + {^-{(3m + l)ai}}. (5.25) 

Because cji is irrational, by a result of A. Granville and Z. Rudnick (cf. the final remark on page 6. 
of [GrRl]), the sequence {(3m + 1)(Ti} for m G N is uniformly distributed mod one on [0, 1]. Thus 
we can find some sufficiently large m G N such that 

\ < {(3m + l)c7i} < 1. (5.26) 

Plugging it into (5.25) yields the following identity for this m: 

{(3m + l)c7i} + {(3m + l)c72} = {(3m + l)c7i} + 1 + ^ - {(3m + l)ai} = ^, (5.27) 

which contradicts (5.24). This proves that the Case of i(c) = can not happen. 
Step 2. i{c) = 1. 

In this case, by i{c) = 1 and Proposition 3.4, the matrix G in (5.3) must be one of the the 
following matrices: 

iVi(l,a), iVi(-l,6), or RiO^), (5.28) 

where a = or 1, 6 = ±1, and || G (0, 1) n Q. 

Next we continue our proof in three subcases according to the particular form of the matrix G. 

Case 2-1: G = Ni{-1, -1) or RiO^) with || G (0, 1) n Q. 

In this case, the index iteration formulae of G = Ni{—1, —1) and -^(6*3) are the same, and only 
their nullities are different. Thus we can use the index formula for G = R{03) to cover all these 
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two subcases. As before, we write aj = 9j/{2Tr) for j = 1,2,3. Then by Theorem 3.3, for m > 1 
we have 

3 

i(c") = -2m + 2Y,E{maj) -3, (5.29) 

Hc"^) = y^((?+ + 2(?o) + 2(r-2)-2(^(ma3). (5.30) 

Specially in this case, we have n = n{c) > 2 and 

1 < i(c™) G 2N - 1, VmGN, 

u{c) = 0, 

uic^) = 0, if ^ ^ Z, (5.31) 
jy(c™") = 2, for m G N, if G = RiOs), 
u{d^'^) = 1, for m G N, if G = Ni{-1, -1). 
Thus we have 

koic"") = koic) = 1, for 1 < m < n - 1. (5.32) 
Next we distinguish two subcases of cZ = 4 with h = 1 and d = h = 2. 
Subcase 2-1-1. d = 4 and h= 1. 

In this case, the manifold is rationally homotopic to 5^. We have 

Claim 2: z(c") = 1, A;+(c""*) = A;+(c") = iti > 1 and A;o(c""') = A;o(c") = A;+(c""*) = A;+(c") = 
for all m G N. 

In fact, assume i(c") > 3. Then i(c"^") > i(c") > 3 for all m > 1. Together with i{c) = 1 and 
z^(c) = 0, it yields that the Morse type numbers satisfy M2 = Mq = and Mi > 1. Then by Lemma 
2.5 with d = 4 the Morse inequality yields a contradiction — 1 > M2 — Mi + Mq > 62 — &i + ^0 = 0. 
So z(c") = 1 must hold. 

Assume k^ic"-) = 0, by z(c™) G 2N - 1 and i/(c"^) < 2, we obtain Mq = 0, Mi > 1 and 

M2j = *{m G N I z(c"*") = 2j - 1} A;+(c") = 0, V j > 1. (5.33) 

Then the Morse inequality yields a contradiction — 1 > M2 — Mi + Mq > 62 — ^1 + ^0 = 0. So 
kf{c"') > 1 must hold, and then /co(c") = A:J(c") = by Lemma 2.2. Then by Lemma 2.2 again 
we get Claim 2 for all m G N. 

In this case, for numbers in the basic normal form decomposition (3.5) of Pc wc have r^, = p_ = 
Po = 0, A; = 2, r + go + 9+ = 3. Note that Lemma 2.4 yields the linear dependency of 1, cri, (T2 over 
Q. Therefore in Theorem 3.21 we must have A = 1, and we can find sufficiently large T G nN such 
that 

R = > 3, (5.34) 

lie"") > R + 2, Vm>r+1, (5.35) 
i(c™) < R, Vl<m<r. (5.36) 
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Because all i(c"^) are odd, by (5.35), (5.36), Claim 2 and Lemma 2.1 we obtain that c"^s with 
m > T + 1 have no contributions to MjS with < j < R+ 1, and c^s with 1 < m <T have only 
contributions to MjS with < j < R + 1. More precisely, X^2j_i=i -^2j-i is completely contributed 
by c"^s with all integer m <T which are not in nN, and each c"^ contributes a 1. And X^^to -^2j 
is completely contributed by c"^"'s with m G N satisfying mn < T, and each c"*" contributes a ki. 
Thus we have 

R+l R+l B. 

j=0 2j=0 2j-l=l 

= -h-ir-- 

n \ n 

= h^^^^T. (5.37) 

n 

On the other hand, by (5.2), Claim 2 and Lemma 2.4, we obtain 

fci - (n- 1) _ _2 
m(c) 3 

Thus by (5.37), (5.38), the Morse inequality and Lemma 2.5, we obtain 



(5.38) 



-V(c) = 5:(-l)^M,>E(-l)^-6, = - ^'2fe-i>l-^. (5.39) 

i=0 j=0 2fe-l=l 

It implies 

2R - 2Ti{c) > 3. (5.40) 

However, by (5.29) we have 

2R - 2Ti{c) = 2 ^-2T + 2 ^ E{Taj) - 3 j - 2r ^2 ^ aj - 2 
2 

< 2. (5.41) 

It contradicts to (5.40) and then completes the proof in this subcase. 
Subcase 2-1-2. d = h = 2. 

In this case, the manifold is rationally homotopic to CP^. Note that Lemma 2.4 yields the 
linear dependency of 1,(Ti,o"2 over Q. Therefore in Theorem 3.21 we must have A = 1, and there 
exists some T € 3nN such that the odd integer R = i{c^) satisfies R> 5 and we have 

iic"") > R + 2, Vm>r+1, (5.42) 
lie"") < R, Vl<m<r. (5.43) 
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Let kj = kj'{c"') for j = 0, 1 or 2. The following Claim 3 is crucial. 
Claim 3: A;J(c""*) = fcg = for all m G N. 

If i/(c") = 1, then Claim 3 holds automatically by Lemma 2.2. Next we consider the case of 
z/(c") = 2. 

Otherwise, we assume A;2 = 1- Then by Lemma 2.2 we have 

fc+(c"™) = fcs = 1, fco(c""') = fco = ^^(c""') = A;i = 0, VmGN. (5.44) 

Then by (5.2) the identity in Lemma 2.4 becomes 

-("-/^-^^=i?(2,2) = -^. 
m(c) 2 

Thus by (5.29) and ^2 = 1 it yields 

4 

CTi + (72 + C73 = -. (5.45) 

Since i(c"") G 2N - 1 by (5.29), there holds M2j = for all j e Nq by (5.44) and Lemma 2.2. 
Thus together with the Morse inequality, it yields 

M2j = 0, M2j+i = b2j+i, VjGNo. (5.46) 

By (5.44) and Lemma 2.2, we have 

M2j-i = *{m G N I i^c"") = 2j - 1, ^{0"") = 0} + *{m G N | i{c"^) = 2j - 3, z/(c"*) = 2}. (5.47) 

Let Nr+2 = *{m G N | i(c™) = R,v{c"') = 2}. Then it follows from (5.46), (5.47) and 6ij+2 = 3 
by Lemma 2.6 that 

Nr+2 < Mr+2 = bR+2 = 3. (5.48) 
It follows from (5.42)-(5.44) and (5.47)-(5.48) that 

R R 

J2Mj= J2 M2j-i=T-NR+2>T-3. (5.49) 

j=0 2j-l=l 

On the other hand, by Lemma 2.6 with d = h = 2, specially (4.37), we obtain 

E6.= E ^'2,-1 = ^^^. (5.50) 

j=0 2j-l=l 

So (5.44) and (5.49)- (5.50) yield 

3(i?-l) 

-^^ — ->T-3. (5.51) 

By (5.29) and the definition of T G nN we obtain 

3 3 
R = i{c^) = -2T + 2J2 E{Taj) - 3 = -2T + 2 ^[Tfj^] + 1. 
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Therefore by (5.45) we get 

3(R-1) J^, 



= -3T + 3T((Ti + (72 + as) - 3({rai} + {Tas}) 
= T-3({rai} + {ra2}) 

= r-3. (5.52) 

Here the last equahty follows from that {Tai}+{Ta2} G (0, 2), R is odd and T is an integer multiple 
of 3, and then {Tai} + {Ta2} must be an integer and then is equal to 1. Then (5.49), (5.50) and 
(5.52) yield = 3. In other words, by (5.43) and the definition of Nji^2 there exist two distinct 

integers Ti and T2 with Ti < T2 < T such that z(c^i) = i{c^'') = R and z/(c^i) = u{c'^^) = 2. 
Because 0-3 G (0, 1) fl Q, there holds 0-3 = q/p with some q < p e N with {p,q) = 1. Therefore 
p>2 holds. Then we have T - r2 > 2 and r2 - Ti > 2, thus 

T - Ti > 4. (5.53) 

On the other hand, because i{c^'^) = i{c^) = R, replacing T by Ti equalities in (5.52) still hold, 
and then it yields 

Ti - 3({Tic7i} + {ric72}) = T- 3{{Tai} + {Ta2}) = T - 3. 
Together with (5.53), it implies that 

< 3({ri(7i} + {Tia2}) = 3 + (Ti - T) < 3 - 4 = -1. (5.54) 

This contradiction proves ^2 = 0. Then Claim 3 for m G N follows from Lemma 2.2. 

Because all 1(0^) are odd, by (5.42), (5.43), Claim 3 and Lemma 2.1 we obtain that c"^s with 
m > T + 1 have no contributions to MjS with < j < i? + 1, and c^s with 1 < m < T have only 
contributions to Mjs with < j < i2+ 1. More precisely, X]2j-i=i ^hj-i is completely contributed 
by c™s with all integer m G [1,?"] which are not in nN and each c™ contributes a 1, as well as by 
c"^"s with all integer m G [l,r/n] and each c"*" contributes a /cq- And ^2jt^o-^'2j is completely 
contributed by c"^"s with m G N satisfying mn G [n,T] and each c^^ contributes a ki. Thus we 
have 

R+l R+l R 

^(-i)^M, = j:m2j- yi ^2,-1 

j=0 2j=0 2j-l=l 

T, /T, ^ T 
= -A;i- -fco + T-- 
n \ n n 

= fci-(feo + »-l)r. (5.55) 
n 
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On the other hand, by Claim 3 and Lemma 2.4, we have 

ki — {ko + n — 1) 3 
m(c) 2 

Thus by (5.55), (5.56), the Morse inequaUty and (4.37), we obtain 



(5.56) 



oT-i -R+1 R-\-l R f? 1 ^ 

-^^(c) = E(-im>E(-l)''^i = - E b2,-i = -^^^. (5.57) 

j=0 j=0 2fc-l=l 

It impUes 

R-l> Ti{c). (5.58) 

But on the other hand, by (5.29) we have 

3 3 

R-Ti{c) = (-2T + 2E^(rc7,)-3)-T(-2 + 2E^.) 

3=1 j=l 

2 

= 2E(l-{rcT,})-3 

< 1, (5.59) 

which contradicts to (5.58) and completes the proofs in this subcase and Case 2-1. 
Case 2-2: G = Ari(-l,l). 

In this case, by i{c) = 1 and Theorem 3.3, we have the iteration formula 

^ 1 _l_ (—1)"^ 

i{d^) = -m + 2^E{m(7j)-2, i^{d^) = , Vm > 1. (5.60) 

i=i ^ 
Then we have n = n{c) = 2 and 

= m (mod 2), v^c^"^-^) = and 2/(0^"*) = 1, V m G N. (5.61) 

By Lemma 2.2, it yields {c'^'') = kQ (c^) = for all k £ N. Because the iterates c^''~^ with 
/c G N contribute only to the odd-th Morse-type numbers, we obtain 

M2fe = #{m G N I i{d^) = 2k}ko (c^) = 0. (5.62) 

Together with the Morse inequality, it implies that for any fc > 1, 

b2k-i = M2k-i = *{j e N I z(c2j) = 2k- 2}fcr(c2) + *{j e N | iic"^-') = 2k - 1}. (5.63) 

Note that bi = 1 when d = 2, and 61 = when d = 4. By the facts i{c) = 1, i^(c) = and (5.63) in 
this case we must have 

d = h = 2. (5.64) 
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Therefore (5.15) holds again by Lemma 2.6. 

Let ki = ki{c^) G {0, 1}. Then by Lemma 2.4, we obtain 



2(2(ai + a2) - 1) ,<^<i;t,<Ki rii{c) 2' 

which yields 

o-i + o-2 = — g — ■ (5.65) 
Claim 4. k^ic^"") = ki = 1 for all m eN. 

In fact, assume ki = 0. Then all i{c^'') with A; > 1 have no contribution to the odd-th Morse- 
type number M^j-i with j G N. In addition, by (5.65), we obtain 3((Ti +172) = 2. Because both of 

3(Ti and 3(72 are irrational, it yields [3(Ti] + [3(72] = 1- Thus by (5.60), we obtain z(c^) = 1. Together 
with i{c) = 1, it yields Mi > 2. It contradicts to the fact Mi = 61 = 1 obtained from (5.62), (5.63), 
(5.64) and Lemma 2.6. By Lemma 2.2, Claim 4 is proved. 

Next we estimate i{c^) using Lemma 5.1. By Claim 4, (5.65) becomes 

5 

<7i + a-2 = -. (5.66) 

Then by Lemma 5.1 we obtain 

[^] - 1 < [mai] + [ma2] < [^], V m G N. (5.67) 
Thus by (5.60) and (5.9) for m = 6A; G N we obtain 

i(c^>') = -Qk + 2{[6k^] -l) + 2 = 4k, V A: G N. (5.68) 
By (5.60) and (5.67) for m = 6A; + 1 G N, we obtain 

-(6A; + 1) + 2([(6A; + 1)^] - 1) + 2 < i{c^''+^) < -{6k + 1) + 2[(6A; + 1)^] + 2. 

That is, 

Ak - 1 < i{c^''+^) < Ak + 1, VfcGNo. (5.69) 
Similarly for m = 6/j + 2 G N, we obtain 

-(6A: + 2) + 2([(6fc + 2)^] - 1) + 2 < 1(0^^+^) < -{6k + 2) + 2[{6k + 2)^] + 2. 

It yields 

4k < z(c^'=+2) < 4A; + 2, V A; G Nq. (5.70) 
For m = 6A; + 3 G N, we obtain 

-(6A; + 3) + 2([(6A: + 3)-] - 1) + 2 < i{c^''+^) < -{6k + 3) + 2[(6A; + 3)-] + 2. 
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It yields 

4k + l< z(c6^+3) < 4A; + 3, V A; G Nq. (5.71) 
For m = 6fc + 4 G N, we obtain 

-(6A; + 4) + 2([(6/c + 4)^] - 1) + 2 < i{c^''+^) < -{6k + 4) + 2[{6k + 4)^] + 2. 

It yields 

4jfc + 2 < i{c^''+^) < 4fe + 4, V A; G No. (5.72) 
For m = 6A; + 5 G N, we obtain 

-(6A; + 5) + 2{[{6k + 5)^] - 1) + 2 < i{c^^+^) < -{<6k + 5) + 2[{<6k + ^)\] + 2- 

It yields also 

4A; + 3 < i{c^^+^) < 4A; + 5, V A; G Nq. (5.73) 
Then using similar arguments in the proof of Claim 1, we have 

Claim 5: i{c) = I, i{c^) = 2, i{c') = 3, i{c^) = 4, = 5, i{c^) = 4, i{c^) < 5. 

In fact, (5.15) is crucial in the following. Note that c contributes a 1 to Mi = 6i = 1 by the 
facts i(c) = 1 and u{c) = 0. Thus f(c™) > 2 for ah m>2. Then by Claim 4 and (5.70)-(5.71) with 
= we obtain i(c^) < 2 and i(c'^) < 3. Thus by (5.61) we obtain i{c?) = 2 and i{c') = 3. 

By (5.68) with A; = 1 and (5.72)-(5.73) with A: = 0, we obtain i{c^) = 4, i{c^) < 4, i{c^) < 5. By 
Claim 4 and (5.15) we obtain i(c'^) = 4 and i(c^) = 5. 

Then by (5.69) with A = 1 we obtain i(c^) < 5. Claim 5 is proved. 

Now by Claims 4 and 5, each i{c'') with 1 < A < 7 contributes 1 to the Morse-type numbers 
M1 + M3 + M5. Thus by (5.15), (5.62)-(5.63) we obtain 

^ = jlh = jlMj>7. (5.74) 

j=Q j=0 

Contradiction! 

Case 2-3: G = Ni{l, a) with a = or 1. 

In this case, by i(c) = 1 and Theorem 3.3 we have the formula 

2 

i(c'") = 2^[mc7j] + l, i^(c"^) = 2-a, Vm > 1. (5.75) 

Note that all i{c"^) with m > 1 are odd and non-decreasing in m. Because 61 = 1 when d = h = 2, 
and 63 = 1 when d = 4 and h = 1, to generate the non-zero Morse- type number Mi > bi or 
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M3 > &3j there must hold ko{c) + k2{c) = 1 and A;J^(c) = 0. Thus by the Morse inequahty and 
Lemmas 2.2 and 2.4, it yields 

M2fc = 0, M2fc_i = 52fc_i, VfcGNo, (5.76) 

^^ + ^^=25^- ('-^^^ 

If d = 4 and /i = 1, we have B{d,h) = —2/3 and 63 = 65 = 67 = 1 < 2 = 69 by Lemma 
2.5. In order to get M3 = 63 = 1, by i{c) = 1 and Lemma 2.2 it yields A;2'(c"^) = k2{c) = 1 and 
ko{d^) = ko{c) = k^lic"") = A;j*"(c) = for all m > 1. Note that by (5.77) we have 

3 

CTi +(72 = -. 

Thus [4(7i] + [4(72] = 3 - 1 = 2 by Lemma 5.1. So we have i{c^) = 5 by (5.75). Thus we obtain 

7 7 
4< E M2,_i= ^ 62,-1 = 3, 

2j-l=3 2j-l=3 

a contradiction. 

If = /i = 2, wc have i3(£i, h) = —3/2 and 61 = 1 by Lemma 2.5. To generate Mi = 61 = 1, 
we should have 1 = ko{c) = /co(c'") and = kf{c) = k2{c) = kKc"') = k^ic^) for all m € N by 
z(c) = 1 and Lemma 2.2. Notice that 

cri+(J2 = - 

holds by (5.77). Then [3(7i] + [3(72] = 1 — 1 = by Lemma 5.1. Thus i(c'^) = 1 by (5.75). Then 
by the monotone increasing of the Morse indices i(c"*) in m, we obtain 3 < Mi = 61 = 1, a 
contradiction. 

This completes the proof of Step 2 for i{c) = 1. 

Step 3. i{c) > 2. 

Because i(c™) > i(c) for m > 1 due to the Bott formula, to generate the non-trivial homology 
ifd_i(AM, A^M; Q), then the Morse index of c must satisfy i(c) < d—1. Thus we must have d = 4 
and h = 1. In other words, the manifold is rationally homotopic to 5^. We continue the proof in 
two cases according to the value of i{c). 

Case 3-1: ?;(c) = 2. 

By Proposition 3.4, we must have G = Ni{l, —1) in (5.4). Thus, by Theorem 3.3, we have 

i(c™) = 2([m(7i] + [m(72]) + 2 and i/(c™) = 1, V m G N. (5.78) 

Thus in this case, we have i(c'") € 2Z for all m € N and are non-decreasing in m, and then 
n = n(c) = 1. Thus by Lemma 2.4 we have the identity 

~{ko{c) - k+{c)) = 2((7i + (72) = i{c) > 0, (5.79) 



51 



which imphes A;J^(c"^) = kf{c) = 1 and ko{c"^) = for all m > 1 by Lemma 2.2. So (5.79) becomes 

(Ti+a2 = ^. (5.80) 
By (5.9) in Lemma 5.1 we obtain [4(Ti] + [4(72] =3 — 1 = 2, and then 

i(c^) = 2([4c7i] + [4(72]) + 2 = 6. (5.81) 

Thus by Theorem 3.13 we get 

i(c'")<6, Vm = 1,2,3,4. (5.82) 

Prom the above discussion, for all integer A; > we get 

M2k = *{m > 1 : i(c"") = 2A;)} ko{c) = 0, (5.83) 

M2k+i = *{m>l:i{c'^) = 2k}. (5.84) 

Thus we have M1 + M3 + M5 + M7 > 4 by (5.82) and (5.84). Thus the Morse inequality and Lemma 
2.5 again yield a contradiction: 

8 8 

-4 > J2{-iyM, > = -3. (5.85) 

q=0 q=0 

Case 3-2: i{c) > 3. 

Note that by Theorem 3.13 it yields i{c"^'^^) > for all m > 1. 

By Lemma 2.4, both ai and (72 are linearly dependent over Q. Thus we must have A = 1 in 
Theorem 3.21 and there exists some T € 12nN with n = n(c) being the analytical period of c such 
that 

i{d^)-i{c^) > z(c)+po+P- + (9o + g+) + r-2 = e(c), Vm>T + l, (5.86) 

i{c^)-i{c"') > i(c)-r+p_+po + ^-(9o + g+) >0, Vl<m<r-1, (5.87) 

where we used the fact A; = 2 in Theorem 3.21. 

Let T~{m) = — 2 for any m G N. Note that 

z/(c") = 2(po + go) + 2(r - 2) + p_ + g+ + p+ + (5.88) 

From i(c) > 3 and the fact r — 2 + + go + P+ + 5- < I5 we get 

e(c) = i{c) + i/(c") - (r - 2 + P0 + go +P+ + g-) > i^(c") + 1 + T-(i(c^) + z/(c")). 

Then (5.86) becomes 

i{d^)-i{J)>iy{d') + l + T-{i{c^) + u{^)), Vm>r+1. (5.89) 
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Let R = i{c^), 9 = v{c^) = z/(c") and i? = i? + P + r"(i? + P) G 2Z. It follows from (5.87) that 
all iterations with 1 <m <T contribute only to the Morse-type numbers Mq for < q < R + u, 
and from (5.89) that all the iterations c"* with m > T + 1 do not contribute to these Morse-type 
numbers Mq with < q < R + i>. Thus it yields 

= E {-irdimCq{E,n 



q=0 0<q<R+l> 
l<m<T 



m=l \ g=0 

T /i(c™)+!/(c'") 

m=l \ g=0 

T /!/(c'") 

E E (-i)^(^'")+''"fer^(-") 

T ^ , - v(c'")+«,„i,<:(^'")/^mN 



E (-i)*(^'")+''"C ^(c" 



0<im<^(c"i) 

= Ti{c)B{A,l), (5.90) 

where we used (5.87) and (5.89) in the first equality, Lemma 2.1 in the second one, (i) of Lemma 
2.2 in the third and fourth ones. Lemma 2.3 in the fifth one, and Lemma 2.4 in the sixth one. 

In this case, by Lemma 2.5 only bqS with odd <? > 3 are non-zero. By (5.90), the Morse inequality 
and Lemma 2.5 we obtain 

-j^ " 

ri(c)i?(4,l) = E(-im>^(-l).'6, = - &2,-i>^^. (5.91) 

3=0 3=0 2g-l=l 

Here M^^jj^^- = by (5.87) and (5.89) when R + u \s odd. This fact is used in the first 
equality in (5.91) when R + i> \s odd. Note also that in the first inequality of (5.91), the evenness 
of R implies the availability of the Morse inequality. 
On the other hand, by Lemma 2.4 we obtain 

n(s + 2(ai + a2) + p " " "3' 

for some integers s, t, q and p, where we write qjp = O^j-K G [0, 1) fl Q with (p, g) = 1 when g > 

for the possible term R{9z)- From this identity we obtain 

s q h 

ai + a2 = = — 

4n 2 2p An 

for some integer 6 > 0, where we have used the fact p\n which follows from Definition 3.6 of 
n = n{c). Thus according to the choice of T G 12nN, by (5.10) we obtain 

{Tai} + {Ta2] = 1. (5.92) 
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Also note that (5.88) yields 



i^(c'*) -{r-2+p_+po + q+ + qo)=po + qo+p+ + q-+r-2<l. (5.93) 

By Theorem 3.3 and (5.92)-(5.93) we obtain that the integer on the right hand side of (5.90) 
satisfies 

2T ( 

Ti{c)B{A,l) = -—{i{c)+p^+po-r + 2j2aj 

= -^^{i{c)+p^+po-r) + 2pE{Taj)-2 

= - 2 (^(c^) + r+p-+po + q+ + qo-2^ 

< -^(i? + KO-l) 

< ~{R-2), (5.94) 
where the first equality follows from (3.9), the second equality follows from (5.92) and the fact 

r r r 2 r 

E Tcyj = Y.i[Ta,] + {Ta,}) = ^ E{Ta,) - 2 + Y.{Ta,} = ^ E{Ta,) - 1, 
j=i j=i j=i j=i j=i 

the third equality follows from (3.7) with m = T E 2N, the first inequality follows from (5.93), and 
the last inequality follows from the definition of R. 
Now (5.91) and (5.94) yield a contradiction. 

The proof of Theorem 1.2 is complete. I 



6 On compact simply connected reversible Finsler manifolds 

In this section, wc study closed geodesies on compact simply connected reversible Finsler manifolds, 
including Ricmannian manifolds, and give the proofs of the main Theorems 1.1 and 1.3 about closed 
geodesies on 4-dimcnsional compact simply connected reversible Finsler manifolds. 

For any reversible Finsler as well as Ricmannian metric F on a compact manifold M, the 
energy functional E is symmetric on every loop / G AM and its inverse curve f^^ defined by 
f^^{t) = /(I — t). Thus these two curves have the same energy E{f) = E{f~^) and play the same 
roles in the variational structure of the energy functional E on AM. Specially, the m-th iterates 

and c^™ of a closed geodesic c and its inverse curve c^^ have precisely the same Morse indices, 
nullities, and critical modules. Let n = n(c). So there holds 

dimC^E, c"") = dimC^E, c""'). (6.1) 
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Thus if c is the only geometrically distinct prime closed geodesic on M, then all the Morse type 
numbers must be even, i.e., 

Mj e2No, VjgZ, (6.2) 
and the identity in Lemma 2.4 becomes 

2 Y: (-l)^('='")+'-fe;5)(c-) = ni{c)B{d, h). (6.3) 

0<Zm<i^(c'^) 
l<7Ti<n 

Prom this consideration we get the following result. 

Theorem 6.1. Theorems 4-3 and 4-4 hold for reversible Finsler (as well as Riemannian) metric 
on the corresponding manifold {M,F) too. Therefore Theorem 1.1 holds. 

Proof. The current version of Theorem 4.3 works in the reversible Finsler metric case without 
any changes by the same reason as we have explained in Remark 7.1 of [LoDl]. Note that now the 
integer n in (4.8) is even by the above reason. 

For the Claim 1 of Theorem 4.4 with a reversible Finsler metric on M, by the same reason, 
the above proof of Theorem 4.4 works without any change and shows that the only geometrically 
distinct prime closed geodesic c which can not be rational in the reversible case. 

For Theorem 4.4 with a reversible Finsler metric on M and only one geometrically distinct 
prime closed geodesic c on M which is completely non-degenerate, the above proof of Claim 2 in 
Theorem 4.4 with minor modifications works too. In fact. Lemma 4.1 and (6.2) yields a much 
simpler proof, because we get the following contradiction immediately 

1 = bdh-i = Mdh-i G 2No, (6.4) 

where dh = dimM. Therefore Claim 2 of Theorem 4.4 holds too in the reversible Finsler metric 
case. 

Thus Theorem 1.1 holds. ■ 
Now we can give 

The proof of Theorem 1.3. This proof is similar to that of Theorem 1.2 in Section 5. Next 
we follow the classification used in the proof of Theorem 1.2 and indicate only some necessary 
changes and omit the details. 

Step 1. i{c) = 0. 

Following the study in Step 1 of the proof of Theorem 1.2, we have i{c) = and G = Ni{—l,l) 
in (5.4). By (6.1), the positive numbers l/\B{d,h)\ should be replaced by 2/\B{d,h)\ in (5.12). 
Then similar arguments yield (5.15), specially by (6.2) we obtain the following contradiction 

1 = 6i = Ml G 2No, (6.5) 

and then complete the proof in Step 1. 
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step 2. i{c) = 1. 

Case 2-1. As in the proof of Theorem 1.2, we distinguish two subcases. 
Subcase 2-1-1. d = 4 and h = 1. 

Replacing kfic^) by 2kt{d') in (5.33), by the same proof wc get Claim 2. Then replacing c"^ 
by c"^ and c~™, c"^"^ by c™" and c""^" in the paragraph below (5.36), instead of (5.37) and (5.38), 
by (6.2) and (6.3) we obtain 

R+l 1 _ , -, 

^(-l)^M,=2r ^^ ; + \ (6.6) 
ni{c) o 

Then using (6.6) and (6.7), the same proofs from (5.39) to (5.41) yield a contradiction. 
Subcase 2-1-2. d = h = 2. 

In this subcase, note that we have still (5.46) if A;2'(c") = 1. Thus the contradiction 1 = bi = 
Ml e 2No yields Claim 3. 

Now as in the above Subcase 2-1-1, the proofs in (5.55) to (5.59) yield a contradiction. 

Case 2-2. Similarly to (5.60)-(5.64), we obtain 1 = bi = Mi e 2No, contradiction! 

Case 2-3. In this case, from (5.76)-(5.77) and (6.2) we obtain the contradiction 1 = b^-i = 
Md-i G 2Z with d = 2 or d = 4. 

Step 3. i{c) > 2. 

Case 3-1. i{c) = 2. 

In this case G = Ni{l, —1). By (6.3) the identity (5.80) now becomes 

-3(A:o(c) - kfic)) = 2{ai + as) = i(c) > 0, (6.8) 
with fco(c) = and kf{c) = 1, and 

C7i + (72 = ^. (6.9) 

By (5.79), this specially implies 

M2k = 0, M2fe+i = 62fc+i V A; G No. 
Thus by Lemma 5.1 we obtain [2ai] -\- [2(72] = 3 — 1 = 2, and then 

i(c2) = 2([2ai] + [2a2]) + 2 = 6. (6.10) 

Thus by the monotone increasing of i{c"^) in m from Theorem 3.13, we obtain the following con- 
tradiction 

= Mg = 65 > 1. 

Case 3-2. i{c) > 3. 



56 



Because the contributions of c with m > 1, similarly to (5.90) by (6.2) and (6.3) we obtain 

R+P 

^(-l)^M, = 2 Yl (-l)^dimC,(^,c-) 

q=0 0<q<R+i' 
l<m<T 



1 <m<n 
0<im<i'(c™) 



= Ti{c)B{4,l). (6.11) 

Then by the same proof of (5.91) and (5.94) we obtain a contradiction. 

The proof of Theorem 1.3 is complete. I 
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References 

[Abrl] R. Abraham, Bumpy metrics in Global Analysis (Berkeley, 1968), Proc. Sympos. Pure Math. 14, Amer. Math. 
Soc, Providence, 1968, 1-3. 

[Anol] D.V. Anosov, Gedesics in Finsler geometry. Proc. I.C.M. (Vancouver, B.C. 1974), Vol. 2. 293-297 Montreal 

(1975) (Russian), Amer. Math. Soc. Transl. 109 (1977) 81-85. 

[BTZl] W. Ballmann, G. Thobergsson and W. Ziller, Closed geodesies on positively curved manifolds. Ann. of Math. 
116 (1982), 213-247. 

[BTZ2] W. Ballmann, G. Thobergsson and W. Zillcr, Existence of closed geodesies on positively curved manifolds. 
J. Diff. Geom. 18 (1983), 221-252. 

[Banl] V. Bangert, Geodatische Linien auf Riemannschen Mannigfaltigkeiten. Jber. Deutsch. Math.-Verein. 87 
(1985), 39-66. 

[Ban2] V. Bangert, On the existence of closed geodesies on two-spheres. Inter. J. Math. 4 (1993), 1-10. 

[BaKl] V. Bangert and W. Klingenberg, Homology generated by iterated closed geodesies. Topology. 22 (1983), 
379-388. 

[BaLl] V. Bangert and Y. Long, The existence of two closed geodesies on every Finsler 2-sphere. Math. Ann. 346 
(2010) 335-366. 

[Birl] G. D. BirkhofF, Dynamical systems. Amer. Math. Soc. CoUoq. pub., vol. 9, New York: Amer. Math. Soc. 
Revised ed. 1966. 

[Botl] R. Bott, On the iteration of closed geodesies and the Sturm intersection theory. Comm. Pure Appl. Math. 9 
(1956), 171-206. 

[Chal] K. C. Chang, Infinite Dimensional Morse Theory and Multiple Solution Problems. Birkhauser. Boston. 1993. 

[DuLl] H. Duan and Y. Long, Multiple closed geodesies on bumpy Finsler n-spheres. J. Diff. Equa. 233 (2007), 
221-240. 

[DuL2] H. Duan and Y. Long, Multiplicity and stability of closed geodesies on bumpy Finsler 3-spheres. Calc. Var. 
& PDEs. 31 (2008), 483-496. 

[Fetl] A. I. Fet, A periodic problem in the calculus of variations. Dokl. Akad. Nauk SSSR. 160 (1965), 287-289. 



57 



[Pral] J. Pranks, Geodesies on and periodic points of annulus diffeomorphisms. Invent. Math. 108 (1992), 403-418. 

[GrRl] A. Granville and Z. Rudnick, Uniform distribution. In Equidistribution in Number Theory, An Introduction. 
(A. Granville and Z. Rudnick ed.) 1-13, (2007) Nato Sci. Scries. Springer. 

[GrMl] D. GromoU and W. Meyer, Periodic geodesies on compact Riemannian manifolds. J. Diff. Geom. 3 (1969), 
493-510. 

[HaWl] G. H. Hardy and E. M. Wright, An Introduction to the Theory of Numbers. 6th ed. Oxford University Press. 
2008. 

[Hinl] N. Kingston, Equivariant Morse theory and closed geodesies. J. Diff. Geom. 19 (1984), 85-116. 

[Hin2] N. Kingston, On the growth of the number of closed geodesies on the two-sphere. Inter. Math. Res. Notices. 

9 (1993), 253-262. 

[Kin3] N. Hingston, On the length of closed geodesies on a two-sphere. Proc. Amer. Math. Soc. 125 (1997), 3099-3106. 
[KWZl] H. Hofcr, K. Wysocki and E. Zehnder, Finite energy foliations of tight three-spheres and Kamiltonian 

dynamics. Ann. of Math. 157 (2003), 125-257. 
[Kual] L. K. Kua, Introduction to Number Theory. Springer- Verlag. 1982. 

[Katl] A. B. Katok, Ergodic properties of degenerate integrable Kamiltonian systems. Izv. Akad. Nauk SSSR. 37 

(1973) (Russian), Math. USSR-Isv. 7 (1973), 535-571. 
[Klil] W. Klingenberg, Riemannian Geometry, Walter de Gruyter. Berlin. 2nd ed, 1995. 

[Liul] C. Liu, The relation of the Morse index of closed geodesies with the Maslov-type index of symplectic paths. 

Acta Math. Sinica. 21 (2005), 237-248. 
[Lonl] Y. Long, Bott formula of the Maslov-type index theory. Pacific J. Math. 187 (1999), 113-149. 
[Lon2] Y. Long, Precise iteration formulae of the Maslov-type index theory and ellipticity of closed characteristics. 

Advances m Math. 154 (2000), 76-131. 

[Lon3] Y. Long, Index Theory for Symplectic Paths with Applications. Progress in Math. 207, Birkhauser. 2002. 

[Lon4] Y. Long, Multiplicity and stability of closed geodesies on Finsler 2-spheres. J. Euro. Math. Soc. 8 (2006), 
341-353. 

[LoDl] Y. Long and K. Duan, Multiple closed geodesies on 3-spheres. Advances in Math. 221 (2009) 1757-1803. 
[LoZl] Y. Long and C. Zhu, Closed charateristics on compact convex hypersurfaces in R^". Ann. of Math. 155 (2002), 
317-368. 

[LyFl] L. A. Lyusternik and A. I. Fet, Variational problems on closed manifolds. Dokl. Akad. Nauk SSSR (N.S.) 81 
(1951), 17-18 (in Russian). 

[Matl] H. Matthias, Zwoi Vcrallgcnoincrungcn cincs Satzcs von Gromoll und Meyer. Bonner Math. Schr. 126 (1980). 

[Mori] M. Morse, Calculus of Variations in the Large. Amer. Math. Soc. CoUoq. Publ. vol. 18. Providence, R. I., 
Amer. Math. Soc. 1934. 

[Radl] K.-B. Rademacher, On the average indices of closed geodesies. J. Diff. Geom. 29 (1989), 65-83. 

[Rad2] K.-B. Rademacher, Morse Theorie und geschlossene Geodatische. Bonner Math. Schr. 229 (1992). 

[Rad3] K.-B. Rademacher, Existence of closed geodesies on positively curved Finsler manifolds. Ergod. Th. & Dynam. 
Sys. 27 (2007), 957-969. 

[Rad4] H.-B. Rademacher, The second closed geodesic on Finsler spheres of dimension n > 2. Trans. Amer. Math. 

Soc. 362 (2010) 1413-1421. 

[Rad5] H.-B. Rademacher, The second closed geodesic on the complex projective plane. Front. Math. China. 3 (2008), 
253-258. 



58 



[ViSl] M. Viguc-Poirrier and D. Sullivan, The homology theory of the closed geodesic problem. J. Diff. Geom. 11 

(1976), 633-644. 

[Will] B. Wilking, Index parity of closed geodesies and rigidity of Hopf fibritions. Invent. Math. 144 (2001), 281-295. 
[Zill] W. Ziller, The free loop space of globally symmetric spaces. Invent. Math. 41 (1977), 1-22. 
[Zil2] W. Ziller, Geometry of the Katok examples. Ergod. Th. & Dynam. Sys. 3 (1982), 135-157. 



59 



